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Abstract

This tutorial paper deals with several aspects of basic electromagnetic theory that appear to
be insufficiently appreciated a century and a half after Maxwell published his well known
equations and over half a century since the MKS / SI system of units was introduced. New
concepts have not been completely embraced, while older artifacts and anachronisms have
lingered on. The main issues include problems stemming from the original theory of
magnetism, confusion between key aspects of the fields B and H and the somewhat puzzling
equivalences between characteristically different mathematical models based on poles or
currents. While the answers to most of these questions are somewhere or other in the
literature, they are often difficult to find and there seems to be a lack of a consistent
approach to the fundamentals. This article surveys the problem areas, explores the issues
involved and attempts to provide clear answers and understanding through reasoning and
commentary. Only simple mathematics has been used and the treatment has been kept
strictly in terms of the field quantities. Results and detailed references are given in key areas,
and the history of the subject is touched on where relevant.
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1 Introduction

This tutorial paper deals with several aspects adid electromagnetic theory that appear to be
insufficiently appreciated a century and a haléafaxwell published his well known equations and
over half a century since the MKSystem of units was introduced. New concepts hatebeen

completely embraced, while older artifacts and hr@usms have lingered on.
The main issues are:

« The misleading terminology still in use for thegnatic field quantities

« Definition of magnetic force field in terms of jgsl

 Incompatibility between the poles defined in Sl @mu/Gaussian systems
« The inclusion of magnetic poles within the eleragptoncepts

» Which ofH andB, if either, is the fundamental force field?

» The casual interchange of quantities sucH a3, (H andi,H

» Which ofH=4£/'B andB=xH is more consistent witB=¢E?

« The ambiguous vector charactertbf

* Why H often appears to take the role of a fundamentakftield

» The correct form and interpretation of the Loreotze

» The essentiahicroscopicandmacroscopidorms of Maxwell’s equations

« The mathematical equivalences and differences dmivsolutions based on poles and circulating

currents

« Resolution of the apparent incompatibility betwéietd solutions based on curl and divergence
* Reluctance to employ even simple results fromigpeslativity in establishing the foundations
 Lack of appreciation that magnetism itselpigna facieevidence for special relativity

» The need to teach for understanding versus apiplisaand problem solving 19

» The benefits of treating electricity and magnetisased on a common footing in Coulomb’s law.

While the answers to most of these questions amgewbere or other in the literature, they are
nevertheless difficult to find with any certainfireatments vary, and the emphasis may often be on
mathematical technique and applications rather thaterstanding. Although modern texts tend to
take a correct approach, within the literature aghale a variety of the legacy issues remain. @n th
other hand, no doubt wishing to put them entiraligl@, modern works generally make scant reference
to these problems and so, having stumbled over ibie,often difficult to find a ready answer. In
addition, there still seems to be scope for clargythe basic framework of electromagnetic theary,

complex and often mathematically difficult subjedtich nevertheless has truly simple fundamentals.

! Now the Systeme International, referred to asr$he Sl system. Where we refer to MKS or MKSAsitn
the historic contexiza 1935-1960.
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The objective here, therefore, has been to presasbned answers to the questions above, andeo giv
comment on the issues involved for the benefitmfoae who has an interest in electromagnetics.
While the comment is intended to be thought prowgkin places it may appear to be just provoking.
However, it is appropriate from time to time to idrage things that are seen or done in a particular
way, be it for historical reasons, or because &sdoot suit a particular view, or simply because a

better way cannot be agreed upon.

Only simple mathematics has been used, althougisia Bppreciation of vector analysis and special
relativity is unavoidable. Moreover, the treatmkas been kept strictly in terms of the field quizei

so as to avoid introducing other notions, suchasmiials, that may well be very useful in theirrow
right but simply add another layer to the conceptd techniques that require to be embraced. Once
the fundamentals are established, such extensiagdmsafely introduced, which most textbooks do
accomplish very adequately. In spite of this tatbapproach, every effort has been made to state ke
results precisely and to quote key references wkengossible. The latter task has not been an easy
one since many results that are commonly acceptdalytare often not in their original form, and
many sources give them little or no justificatiars, we shall see. While the history of the subject i
very relevant to these issues, within the scopéhisf article it is only possible to touch on those
aspects of it that are particularly relevant. Tésder may consult the work of Whittaker [1] forthar

information.

This introduction provides the background and naiton for the article, Section 2 explores the lggac
issues, while 3 attempts to uncover what may bsidered to be the true fundamentals of the subject.
A review of Maxwell's equations is undertaken incen 4, examining the free-space form and
various macroscopic forms for contrast, includiregsions which retain magnetic poles. Section 5
covers some basic results from special relativityansformation of the electric field, deduction of
Maxwell's equations from Coulomb’s law and the in&ace of the speed of ligit vacuo Section 6
presents further discussion, in part drawing sofre topics together and in part introducing some
further material where comment seems necessarghih ¢f issues that have been raised along the
way. After a brief conclusion there are two appeesi The first summarizes the essential
electromagnetic equations as a useful basis, anddbond discusses some practical examples from
electron spin resonance, the Hall effect, and treef on a current carrying conductor in different

magnetic scenarios.

Several reference works are cited frequently aedefore wherever possible specific page numbers
have been given for each instance to make theneretsifind. This is fairly essential as in some

instances the relevant information turns on theafisesingle term or symbol.
1.1 Historical Background

James Clerk Maxwell effectively established cleasatectromagnetic theory as a known science by
completing its mathematical description [2; 3]. ghmally, however, there were two apparently
unconnected theories for electricity and magnetigrich, in common with gravity, were held to obey

an inverse square law. The only distinguishinguesatvas that the force originated between masses,
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electric charges or magnetic poles, as approprdtthe time there was no more idea of a connection
between electricity and magnetism than, say, fectdtity and gravity. Following the observatiorath
electric currents could produce magnetic fieldsyegmorted by Oersted [4], Ampere [5] and others
[6, pp. 91-92], the pursuit of a single integratedory commenced. If it can be said that Maxwell
succeeded in taking the final step in this quéstamnot be said that the full implications of hisfied
theory did a great deal to put aside the origihaloty of magnetism which, for the purposes of

magnetostatics at least, persisted.

The premise that all magnetic fields originate frairculating currents alone (or their quantum-
mechanical equivalent) has existed since the @igirork of Ampere [6, pp. 97], but in spite of the
famous and oft quoted conclusion from Maxwell's @&t equation, it has never been conclusively
proved that magnetic poles do not exist. It is, @osv universally, accepted. Occasional conjecture
about the possible existence of free poles pergigtén the field of elementary particles, or sci

states of matter, but nothing corresponding totiginal concept has ever been found [7, p.905].

The non-existence of poles seemed not to detemptbponents of the original magnetic theory.
Perhaps this was in full knowledge of the factsttenbasis that the useful working model it prodide
was too good to be cast aside. Furthermore, itlynjgarallels Coulomb’s law and the mathematics
involved is simpler than for the interaction betweeurrents. The pole description and the old
electromagnetic units were consequently allowesltgive. Even in the middle of the last centurg th
effort to introduce the MKS and MKSA systems oftariB; 9 pp. 16-18] did not displace the pole; it
merely redefined it in terms of forces betweenenits. Today the old electromagnetic units, emd, tha
are based on pole theory still prevail and the Miinition of the magnetic pole, while sound
enough, merely gives undue credence to the poleepdnThere appears to be little awareness that
these magnetic poles are quite contrary to theraigoles in key respects [9 pp. 241-242; 10, \Lol.
pp. 179-181], and they have even been referred tinduced poles’ in order to accommodate this
[11, pp. 5-6].

In addition to the undesirable legacy of this pescef unifying both of the theories without effeely
disposing of the outmoded parts, the nature ofitagnetic force, being a higher order effect, isamor
complex than that of the inverse square law thiiices for both electric charges and magnetic poles
Conceptually we have come to expect symmetry ireteetromagnetic equations withandB being

on a parallel withe andD respectively [12]. If we did have poles, this webindeed be the case, but it
is not so. This issue, together with the ‘pole Bgaeaves us with the different systems of umies

now have and a persisting misunderstanding - teaat lack of clarity, concerning the magneticdiel

gquantitiesB andH. These sort of issues, some obvious and othetieshhve been carried on through
the years in definitions, articles, textbooks, amanuch conventional teaching on the subject. While
there are numeroyzima facieexamples, there are many more where casual usagmply at fault.
There appears to be a significant remanent toletageen sympathy, for the pole description. For
example, the magnetic field intensity as definall stfers to H, which is often regarded as the
primary field, rather tharB. In addition,H often crops up in expressions where we might have

expected to find3, andwe still think and writeB = 1(H+M ) rather tharH = 14*B - M On the other
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hand, there seems to be no similar problem withudes of D andE and we all recogniz& as the
primary field — the force field.

Putting aside any debate on systems of units,deranot to confuse matters by having two different

sets of equations, a single system of units has bsed throughout this article - SI.

1.2 What is Fundamental?

There are a vast number of textbooks dedicatedetiremagnetic theory and, being aimed for the
most part at standard undergraduate courses, thedeo treat the fundamentals as a formality and
then move on quickly to applications and the buifdto Maxwell’s equations and its applications,
such as propagating waves. For example, Coulorakiddr the forces between point charges within a
continuous medium of dielectric constaninay be simply statedn the same form as it applies in a

vacuum with the consta@t replaced by :

In free space F, = % (1a)
ATE I,

In a material of dielectric permittivity F =i22 (1b)
47E 15

These equations are often given as a pair of dieinsi [13, pp. 39 and 44], but of the two, only
Equation (1a) is fundamental while Equation (1b)yrba derived given that it follows from Equation
(1a) as a direct result of a linear electric paltion induced on the constituent molecules of the
medium. In this context, the term molecule includtsns, iongtc, a meaning that we shall adhere to

throughout this article.

We must be careful, therefore, to distinguish wisttruly fundamental from what is simply
consequential. As a definition, Equation (1b) idid/@nly as postulate within a phenomenological
formulation of electrostatics, that is to say, salgtion of electrostatics in which we select aafe
model equations which appears to describe the wbdgshenomena without further enquiry as to
whether any of these equations can be derived fwtmr principles. We can also use the terms
microscopic and macroscopicto differentiate between Equations (1a) and (Hxuation (1a) is
termed microscopic, as it appliegdividually to all charged patrticles treated as being in feace,
while Equation (1b) is termed macroscopic, asvubinesaggregatesf particles treated as a body, in
other words what we refer to as a medium. The sfiefundamentals are based in the microscopic

theory from which the macroscopic theory must lberldemonstrated in a fully consistent manner.

In principle, therefore, Equation (1b) can be dediwdirectly from Equation (1a) by means of a
completely microscopic approach based on the cdnsepnolecular polarisability. The Lorentz-
Lorenz description of dielectric media [14, pp. 89-15 pp. 84-87, 100-104; 16, pp. 150-158] takes
us as far as relating the dielectric permittivitio the molecular polarisability, which is a measure of
the extent to which the charge that is bound withiea molecule is displaced, or polarized, by the
presence of a Coulomb force field. The added stepé calculation of the net free-space Coulomb

force Equation (1b) between the two given test gbstogether withall of the polarizable molecules
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affected by their presence€his represents, both in the physics and mathemati/olved, a far from

trivial problem. No doubt it has been tackled ahe@oint, but if so, it is now obscure.

Such a head-on approach is not essential. The gmolglhn be tackled in stages, following the
development of other concepts such as the elefiélid, E, macroscopic polarizatior?, and the
displacementD. But in many textbooks we would find that Equatidm) is left to be inferred. At
some point we would be able to state that, in teegnce of a medium of dielectric constgnwe can
simply write downD for the single free chargg, then sincee=D/¢, the force on chargg, must be
reduced by a factor of/g with respect to the force in free space. Happiys does agree with
observation. Just as simply, we may infer the @ptent ofs, by & say from the energy stored in a
charged parallel plate capacitor. But all the saimese methods are a long way around a direcf proo
that the general form of Coulomb’s law in a didliectnedium reduces to Equation (1b). Rather than
actually prove it, we accept Equation (1b) as gikased on its apparent self-consistency with other
results that fit together to make up the theoryd An it appears to be, as with the developmenhpf a
subject, that key results such as these are catedlin no particular order from a variety of sasc
and over a considerable period of time. For evenryresult a significantly greater amount of ancilla
information is generated, filling in the gaps amdvig specific applications. Out of this process,
however, it is useful to keep firmly in mind therbdundamentals upon which all else depeerds,in

this case Equation (1a) rather than Equation (1b).
1.3 Difficulties with Phenomenological Models

That a phenomenological description appears tobed is no guarantee that this is indeed the.case
It may behave well as a model, it may be numesiaadinsistent with observed results, but it may also
provide an erroneous physical description. Andis@ case where we have two or more different
phenomenological models, where by different we meaore than simply having different
mathematical representations, it is reasonablitk that only one of them is correct. It is even a
frequent outcome that none of the available modelg be correct, but unless there are very special
circumstances, it is extremely unlikely that twdistantially different models are simultaneously
correct. Here, by special circumstances we meametong akin to the wave-particle duality in
physics where the realization of an equivalencevéenh two characteristically different models
represents a major conceptual breakthrough inf.itfee more usual situation is the search for and
discovery of evidence in an attempt to confirm efgmred model and eliminate the others, and as ofte
as not, different people will have different preéet models! And so here we are concerned with the
correct physical model for the magnetic field, amat with which mathematical model is to be

preferred. 21

1.4 Understanding versus Problem Solving

Understandably, since even the modern theory is qoie old, the bulk of textbooks and papers
published over the last half a century deal witiw fRindamentals. Generally they give us the

necessary formulation of the basics for the maskgan hand, for example numerous applications of
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the theory and the solution of specific problemsc@use of the sheer number of these works and their
time span, there is a lack of any single seminakwtioat both fully and accurately encapsulatedl,it a
though Elliott [17] is to be commended. Moreovee, are moving into an age where there seems to be
less interest in doing the ‘hard’ mathematics filatmany an advanced textbook on electrodynamics.
While the number of people capable of carrying aabur de forcein 3-d vector analysis using
general orthogonal co-ordinate systems is becomite few, on the other hand we now have
advanced computer software to do the job for us tiBeisoftware cannot do thaderstandingor us.

At one time we may have confused understanding mahtery of technical detail, but in this new age
we do have an opportunity to redress the balammeed, if we are going to progress by taking
advantage of advanced software to solve ever nmmplex applications, the essentials of a course in
electromagnetics will lie more in the understandihthe subject and developing a firm mastery ef th
fundamentals. The importance of this is, perhapsideatally, underlined in a technical note

accompanying a well-known electromagnetic softvweekage which declared:
“Warning: The Lorentz force does not compute thieart force on objects...wherez 1p"

Perhaps this was really intended to mean that # the software package that was lacking in this
respect, not Lorentz. But just how will that staggrmbe understood by someone who does not have a

firm grip on the fundamentals? Without the underdiag, how can the software be properly applied?

With a mature subject such as electromagnetic ¥hé¢loere rarely is the opportunity to reorganize th
fundamentals and to recapitulate the key resultsder to provide a consistent structure that leenb
built up from the foundations, as happened in tBh Zentury with mathematics. In this article,
however, we can attempt to revisit a few of thedamentals in order to illustrate just how important
clear understanding of them is. Our approach hes tiestay close to the fundamental concepts and to
minimize the use of ancillary concepts and ternoggl(even where these may be useful in their own
right), to use examples to illustrate a point ratian resorting to mathematics, and to explaihenat
than to prove. In particular, we shall attemptderitify and clear up what has become a small legacy

of conceptual pitfalls and anachronisms.
1.5 Fundamental but Neglected

There exists a rarely mentioned proof of sometleisgential to our understanding of electromagnetic
wave propagation in all matter. Most of us will éathis for granted, fundamental though it may be.
Fortunately, the proof in question is still accbksi It is the Ewald-Oseen extinction theorem
[15, pp. 84-87] that underpins the theory of pr@imgm of electromagnetic waves in real matter, as
opposed to theoretical dielectrics. Again, the assis the difference between the usual
phenomenological approach and a more fundamengalTdre simplest approach based on Maxwell’'s
equations provides a phenomenological treatmettteosubject which obviously works in that it fits

the observations: it shows that waves in isotrogéd matter travel as if vacuq but with the speed of

light modified to be1/./gu rather tharl/,/e,u, . To most of us, this is so basic what more carethe

be to say? But is it not the case that all we lthoree is simply to replacg andip by £ andy, just as

in going from Equation (1a) to (1B) The model itself guarantees the result simplabse the two
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parameters involveds and g, are arbitrary. The weak point is really to dohwihe usual pair of
assumptiond) =&E andB =4H. Are they really applicable to what is going @&l matter, as opposed

to a hypothetical macroscopic medium?

Pause for a moment, however, to think of the muwp& picture. For example, a gas at normal
ambient temperature and pressure is only about €lE% with matter. It could be argued that if any
electromagnetic wave is present it must be propagat something closer to free space rather than a
dense array of molecules that we would intuitivieat as a continuum. Where gas molecules are
present, they interact locally with the electromgtgmwave and so scatter some of it. Each molecule
sees the incident wave, plus the scattered wavestauall the other molecules, which in this
microscopic picture both travel in the intervengpace at the speed of lightvacuo How do we deal
with this and demonstrate that it still agrees wvtith phenomenological description as a continuous

dielectric medium that we take for granted?

Within any medium, be it solid or liquid as well gms, the microscopic picture is that every
polarizable molecule scatters some of the drivimgvacuo wave as a direct result of the time-
dependent polarization that it develops under theels influence. Taken as a collection of individua
radiators, how does this molecular scattering peo®me together so that the wave propagates in the
one well-defined direction with just the expectedioeity? This is not a trivial problem to analyzg b
any means, but Oseen [18] and Ewald [19] solvefbitisotropic and crystalline media respectively,
some 60 years after Maxwell's development of theengimenological theory that it supports.

Effectively they showed that the molecular scatggrprocess generatéso new waves within the

medium, the expected wave, propagating with vqkotit@, and yetanotherwave propagating

with velocity 1/,/&,44, - This latter wave is everywhere equal in directimil amplitude to the incident

or ‘driving’ wave but exactly 180out of phase. It therefore completely extinguistihesdriving wave,
allowing it to be replaced by the refracted wawenal and hence the name of the theorem. This is an
intriguing picture, which also happens to accountnpletely for the processes of reflection and
refraction. The theory applies equally to solidsl éiquids but, importantly, for gases in particuiar

explains how they can behave electromagneticadliygs if they were a continuum.

When we find ourselves in some kind of conceptuanglary over assumptions that we have taken for
granted, it is to fundamental proofs such as tlteaewe must resort in order to clarify matters. In
addition, there is the obligation to be perfecilyar on the fundamentals of any subject that weemak
use of in our scientific writing and teaching. Twerks of Lorenz [20] and Lorentz [21] and in
particular Oseen and Ewald may have become nedlbeteause they are detailed and difficult on the
one hand yet on the other they only seem to confitone familiar notions that we seem to grasp
intuitively. This is unfortunate since they shotld well remembered as providing an essential basis

for what we do so much take for granted. They upidethe macroscopic theory, in which matter is 22

some kind of conceptual continuum, with a more imdntal microscopic one. The fact that theories
such as these are ‘difficult’ should not prevenfras giving them their proper place and citingrthe
in support of simpler ideas. If we should altogetioeget these essential underlying theories, ateso

point we will go astray with the theories with whiwe are more familiar.
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1.6 The Main Issue

As previously stated, the problem that we still@mter in electromagnetic theory is that magnetism
has two descriptions, one based on poles and tier on circulating currents. Unlike some other
developments in our understanding of the physicaldy say the arrival of theory of special reldijyi
this is not just a question of the new theory ediie the old by adding a new layer, as it were- Pre
relativity theory is still valid, both practicallgnd conceptually, for everyday purposes. Nor likét
the wave-particle duality, where we have two appéyalifferent theories which have been found to
stem from a common root within quantum mechanicereHve have two different ideas which
produce similar results but which have certainvioeable incompatibilities. It is all the more
fascinating because they are mathematically qufferent, yet seem to produce identical results in
most respectbut not all The newer theory has not fully supplanted the atdl having both theories
side by side for the best part of two centuriesladgo a number of areas of confusion. These tlaad

reasons behind them, are the main thrust of thilegras we shall now examine.
2 The Legacy

In this section, we examine the specific issues lthae arisen from the historical legacy, including

mixture of nomenclature, conceptual problems asdaausage.
2.1 Referral to H Rather than B in Key Equations

Within a magnetic field, the equations for the tef[ acting on a magnetic dipohe [22, p. 150] and

the Lorentz forcé acting on a point chargg[22, p. 191] moving with velocity are given as
'r=mxB (2)
F=q(E+vxB) 3)

where B is the so-called magnetic flux density or inductidisunderstandings over which field
should be present in these equatioBs,or the magnetic field intensityH, frequently arise in
published works [23, pp. 262-263; 24, p4.11; 14,15 and 241, 25, p. 503; 26-30; 31, p. 9.3]. In
these examples, one sd¢sised in place oB with no apparent explanation. Some of the reagmns

the use of these apparently erroneous forms invghdi rather tharB are discussed below.
2.2 Expediency

One of the common reasons for interchandgnandH is simply that a particular equation of interest
may involve B, say, as a variable. To apply the equation, wal tedfind B, but instead have an
expression foH to hand. Rather than explicitly converting frétrto B as an intermediate step, from
the outset thauthor simply writes down the original equationténms ofzH rather tharB. And so
we generate an equation suchfas mxH that can only be correct within a given contexth@ugh

this often goes without mention).
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2.3 Semantics

Is Equation (3) effectively a definition of the IfieB, or is it an equality that is valid only in spécif
circumstances? Therefore, ddebere really meaB under all circumstances, or is it just a convenien
way of writing g4H, or evengpH in vacuo? This is a common enough issue when dealing with
formulas in the literatureThe context, and the usage that was customarypertacular disciplineat

the time of writing often need to be known in order to be certaitoathe meaning. In the present
case, we may take Equations (2) and (3) as defegpmtions, whereas all the forms involvidgcan

only be correct in a given context.

This assertioreffectively defineB as the fundamental field giving rise to the magnfdice and not

H as originally assumed by the earlier pole thearisthis, therefore, represents the watershed
between the modern and historical views of elecagmetic theory. To some, the difference between
B andyH might seem to be hair-splitting, but not so. Rememtbat equating the two is only a special
case that applies when a linear relationship magssamed. It certainly does not apply in the presen
of permanent magnetization, in which c&8sand/H may even be more or lessapposite directions

as shown in Figures 8b and 8c, later in the article
2.4 Casual Usage

Problems sometimes arise out of a familiarity with subject which causes inconvenient detail to be
glossed-over, or from taking an over-casual apgragith concepts and nomenclature. Provided the
treatment has been self consistent, the end resulssich circumstances are often still factually
correct, given that the author will have taken theuble to confirm them before publication.
Nevertheless, since understanding is likely torbpaired and intermediate steps may be technically

wrong, or at least open to doubt, casual usagetitorbe condoned.
2.5 Unhelpful Nomenclature

Notwithstanding the modern view that poles do nasteH is still termed the ‘magnetic field’ or
‘magnetic field intensity’ whileB is referred to as the ‘magnetic flux density’ oragnetic induction’.
Even prior to 1890, Heaviside expressed doubtstabewse of the term induction [10, Vol. 2, p27],
while even now it may be read as describing induaglder than primary effects. In free space this
choice ofB or H makes little difference, effectively only a diféerce of units in the SI system, but
nevertheless it gives rise to confusion becausetdins the suggestion thidt rather tharB, is the
primary field associated with the magnetic forceals [32], refers to botB andH alike as the

magnetic field, perhaps in a genuine attempt todatee issue.

23

In spite of the concept of poles as such being letsowe still use the term in order to identife th
sense of magnetizationg. north and south poles. Similarly, even though wewk that an actual
current may be due to a flow of negative electrams, still retain the concept of a conventional
positive current flow in the opposite direction.w#ver, without referring to polgser se we can still

choose to define the north pole of a current dipaebeing the face from which the directionBof
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emanates and the south pole as being the face ich wienters [33], with the right-hand screw rule
relating the direction oB to the direction of circulation of the current.idtinteresting to note that
without the benefit of magnetism based on curremts,could only distinguish the north and south
poles of a polar dipole by means of a referencelédj@nd in fact the earth itself provided the iorid)
reference dipole as well as the terminology of martd south poles. The root ‘pole’ is now embodied
in terms such as dipole, poktc It derives fronpolus meaning the end of an axis, and in the context
of a magnet the reference to the poles of a magnetite valid if we mean the where its axis of
magnetization cuts the surface. It would make nsagtherefore, to try to eliminate or replace the
word pole or the terms north and south pole as meaidentifying the ends of either a magnet or an

elementary dipole.
2.6 Confusion between the Roles of B and H

Putting nomenclature, semantics, customs and casagk aside, a good deal of confusion about the
respective roles and character8BoiindH is evident. Many authors have in the past dravalogies
betweenD andB on the one hand and betwderandH on the other [24, p. 4.11; 7 p. 496; 34]. The
modern view, however, is that, if anythin@® parallels E while H parallels D[22, p. 153;

9 pp. 12 and 242]. This assertion, however, requi@eful qualification which we will address in

Section 2.9 below.
2.7 Does H Apply to Magnets While B Applies to Currents?

Even a theoretically correct discussion on the \v&dence of magnets and currents, as given by
Kitaigorodsky [35], poses questions. Is it the c#s® H applies to magnets whilB applies to
currents? Indeed, we may suppose that such a vassheld for some time, but, as we shall see later

in Section 6.2, it cannot be valid — indeed if &re there would be some surprising results.

2.8. Different Systems of Units

2.8.1. Interchange of B and H in the Gaussian and emu systems

The different systems of units often take the bldoreproblems, if only for the fact that the most
misleading examples tend to occur when the uni® ahdH are dimensionally identical.¢. where

Mo is dimensionless). It is of little help, and pgrbanly more confusing, when the units are idehtica
but have been given different names, such as ttsteteand gauss. The numerical equalit @ndH

can make the casual practice of interchanging thietno easy. Doing this to simplify a calculatiisn
one thing but, as previously discussed, repladiegone with the other in a defining formula is quit
another. Not only can the occurrence of such ‘cdrgensitive’ formulas be a source of annoyance to

those unfamiliar with the practice, it can certgigive rise to genuine misunderstanding.
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2.8.2.Definitions Based on Poles

Undoubtedly, one of the main problem issues is dbetinuing use of the old terminology and
definitions [13, pp. 38-41] that is associated witle emu. In spite of the fact the use of these is
deprecated by the major technical bodies sucheatefd and IEEE, they still persist mainly through
their use within the Gaussian formulation of thectlomagnetic equations. For example, the oersted,
the unit of magnetic field intensity, may still tmunddefined in terms on the force on a unit magnetic
pole [13, pp. 38-41, 36]It could be argued that such a unit pole can Bglldefined as a notional
thing, but as discussed in Section 2.8.4 belovg, type of unit pole cannot be consistent with & uni
pole defined from forces between currents, as woolt be required. There are similar problems
with the definition of magnetic flux in maxwells,hich derives directly from the definition of the
magnetic field intensitytd, whereas in the S| system flux is inherently dedinthrough the magnetic
induction, B. These inconsistencies arise simply because igaalr pole concept is retained within
these systems of units. While modernized defingtido existe.g.the oersted given in terms of the
field of a current rather than that of a pole, éhas longer have the authority of official recogmt

and have done little to supplant the older defnisi

The magnetic potential [13, pp. 38-41; 7 pp. 470}4Beems to be a concept which has survived
poles. The electrical potential differense;, =I:E [él/ readily gives the worlgV,;, done in moving

a chargey froma to b through the electric fiel&. On the other hand, what does the analogous cbncep
of magnetic potential differencé, =_[: H [d/ give us without poles to be moved along the patb? N

doubt some interpretation may be found, as in #fmition of magnetic reluctance where the need for
poles is no longer apparent, but the point is thatdefinition itself tempts us to think bff like E in
terms of a force field and leads some authorsfes te moving actual poles around a path [11, 9. 2
and 262].

2.8.3 Lack of Adherence to a Single System of Units

Notwithstanding the conceptual difficulties causgdretaining emu and other related CGS systems of
units, there are the practical considerations.yléars it has been necessary to do battle witreéast)

two separate systems of electromagnetic units asidy consequence, differing forms of equations.
Many textbooks give two sets of equations or taticeh tables, some deliver lengthy
recommendations of one system over the other, athrocating one for aesthetic reasons while

saying the other is practical and for the convergesf engineers [37; 9, p. vii; 22, p. 621].

Such arguments are specious. While S| has beeneatiap the ‘preferred’ system, the fact is that emu

terms and units abound in the literature and cadijh&e ignored. The critical issue, however, i$ no

the inconvenience of conversion factors, ratheis ithe old concept of magnetism which is still
allowed to survive through the older definitionsptoyed within emu. Unfortunately, as we have just

discussed, this link with the old ideas often rissul confusion about the basics, not just thesunit
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2.8.4 Inconsistency between emu and Sl Poles

In isolation, the magnetic pole description progida practical means of determinirg in
magnetostatic problems involving permanent magmetvided that we are able to specify the
distribution of magnetic poles. The main difficuligs in making this consistent with the modernwie

of magnetism produced by currents. In order toadadlse unit pole must be considered as induced [9
pp. 241-242; 11 pp. 5-6], rather than absolutes Thinecessary simply because the pole distribution
does not lead directly tB. One is first effectively determining the fieldl from the poles and then
finding B as a result. The force between poles must deperi®l in order to be consistent with the

circulating current approach. Therefore, if we hBvepB for the magnetic foréein place
of F = pH, then we must have = (#p)H , so thatp = 4P . The original pole ip while the so-called
induced pole isp, although we could argue that this should be sttteather way around.

In an attempt to bring over the pole concept itt® then MKS system, a definition for poles and a
Coulomb’s magnetic law was included [13, pp. 40aétl 43], but in contrast with the original emu

definitions, these are based on the modern viewinduced poles. The problem is that both the poles

involved and the force laws are incompatible.

This anomaly can be examined by comparison of thefinitions in terms of the inverse square law

F, =11k EML
/'lrr12 (4)
Fi =ﬂrﬂoflp§ MKS
7y,

One can see that, the dimensionless relative permeability of thefivening medium, appears in the
denominatorof the one form and in theumeratorof the other. This is not just a mathematical
difference — it was the borrowing of the originadu@omb force concept that was ill founded. As we
shall explain in Section 3.2.4 below, the forcewmsn poles shouldncrease as the material
permeability increases, and not, as the early tstsdneld, the other way around. Had they but known
this fact then they would no doubt have questiotiedl assumption of a direct parallel with the
Coulomb field. With the same model at heart, thmultecannot be one thing for the electric field and
another for the magnetic field. As Stratton commdft p.239], “the properties of magnetic matter
can be described more naturally...without fictitidoggnetic charges’ ”. Indeed, it should now be
said that the continuing existence of the oldeliomst is quite undesirable from the standpoint of
having a clear and consistent approach to the ©iadie should no longer cling to them for purely
historic reasons or as conveniences, but everetiimically consistent representation of poles & th
MKSA system only helps to prolong the concept. Pole longer exist in SI, and those who still favor

the notion of poles probably do so by their longdtag association with the emu system.

% In this context we can use poles with the fiBlcprovided we mean by a pole the positive half,

mathematically speaking, of a real magnetic dipSke Section 2.9.3.
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2.9 Fundamental Field and Auxiliary Field

2.9.1 B s the Primary Field Associated with Magnetic Forc e

In a nutshell, the problem we are addressing sfeons the original magnetostatic concept that the
magnetic force field is defined in terms ldf [38, p159], wheread is now accepted thaB is the
fundamental field [22, p153; 9, pp. 12 and 242,[46,57; 39, p. 17; 404nd that it is the origin of the
magnetic force, as stipulated in the correctlyestdtorentz forcd= = q(E + vxB), Equation (3) As

we have already discusséd was defined as a force field in a manner paralld, with the electric
charges being replaced by magnetic ones, callesspdhe description of magnetism always tends to
be more complex than electricity, and in keepinthwhis we cannot simply rectify the situation by

calling B the magnetic force field, or similar, because
« the force generated is not even paralldé? tand
B is an axial vector and not a true vector [41,3%40] (see Section 2.9.2).

But neither should we fudge the issue and sayHhattheforcefield. It may have an interpretation as
an analogue of a force field,g. within in the expressiofH[dB for energy density [7, p. 494] and the
dubiously defined magnetic potenti@l discussed in 2.8.2 above, but not as the fundahent

magnetic force field.
2.9.2 Ambiguous Real versus Axial Nature of the Mag netic Field Vectors

A true vector, also sometimes called a real veatgrolar vector, is inverted if the co-ordinatetsys

is inverted,i.e. (x,y,2 - (X, -y, -3. Examples are force, position and velocin the other hand, a
pseudo-vector, also referred to as an axial vedonpt inverted. Examples are torque and angular
momentum. The cross product of two vectors of essort is an axial vector, while for different
sorts it results in a true vector, and multiplioatof any vector by a scalar does not affect petyrhe
field E is related to force by a simple scalar factor (ghpand so we can readily regard it both as a
true vector and as a force field. There is objectimwever, to referring tB as a force field sincB is

not a true vector and cannot therefore directlyeegnt a force. But in fact an equal difficulty bep

to H. WereH to be defined analogously B as in the original concept of magnetighen it would
indeed be a true vector. But becalt$eB and M (see Section 2.12.4 below) all require to be

compatible, they must all be either true or axedters, otherwise linear combinationsByfH andM

25

would be neither axial nor polar in general. Asagtipular example, we could not write, as we seroft
take for grantedB=H with y being a simple scalar. There is no longer anyraggt abouB being

an axial vectdt and consequently all three magnetic field quistiust be axial vectors. This result

% To see this, consider the fidkigenerated by a current in a circular loop of wieatred on the origin. A charge
at position r on the loop has velocity say. On applying an inversion- -r andv - -v. That is to say, the
charge now has the opposite velocity butrstheopposite side of the loojt is therefore continues to go round

the loop in the same direction leaviBgunaltered.
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is completely consistent with Maxwell’s equatioBsjuations (20), witld being taken as a true vector
based on its equivalence to a flow of chérge, wherepis a scalar. Note thdtis sometimes taken to
be an axial vector by identifying its vector chaeacvith the normal to an infinitesimal element of
surface through which positive scalar current passes. In this case, applyinghe@rsion leaves
unchanged so thdd requires to be a true vector. The latter definitie therefore to be avoided in

general, but see Nye [41, p. 54] for a full discmss

Taken on their own, however, whethdrandH are axial or polar simply depends on how they are
defined. If they are defined based on poles, thestroe polar. If they are defined based on cirmgat
currents then, likd3, they must be axial. Retaining a fiditithat is polar rather than axial may be
consistent with being able to use it to represdotee field, but in a world without poles thisgarely
artificial. To do so simply provides an operatiomaldel which can be used to simplify analysis nathe
than a physical model which, although less convenimore truly reflects nature. We cannot say that
B is a force field in the proper sense, but neitlagr we say thatl is, except in a restricted operational
sense. Importantly, and as we shall subsequenitiforee, it is the fieldB rather tharH that is, under

all circumstances, directly associated with theeintz force- but this is nothing to do with the

characters oB andH being axial or polar.
2.9.3 Definition of Magnetic Force Field without Po  les

As explained in 2.8.2, the use of poles to defime magnetic force field is still extant in emu [13,
p. 40]. But we must recognize that in reality thare no poles. MoreoveB, rather tharH is the origin

of the magnetic force, even though we cannot trefgr toB itself as a force field in the usual sense
(2.9.1 and 2.9.2 above). It is still a problem titet old pole concept of magnetism is easier tspyed

a basic level. It would be helpful if the true fimsi could be restated in some simpler way withtbat
notion of poleger se Certainly, we can still visualize a magnetic derfield’ based on the alignment
of an infinitesimal permanent magnetic dipole orrent loop rather than the force exerted on a
conceptual pole and whenever we refer to this nmganie shall use the quotation marks. As there
never has been the possibility of using free pimlean experiment to measure magnetic field strength
the original method, due to Gauss [38, p. 160-1&4k in any case based on the use of a test dipole.
This is still valid for present day purposes ashia real world the behavior of any isolated tepbldi

is unaffected by the model we choose for it. Asolbefthe orientation of the dipole gives the field
direction, while the torque required to displacéram this orientation by a given small angle is a
measure of the field strength. When we later refea magnetic ‘force field’, this is exactly whaew
shall mean. At this stage, this definition coulglgeither toB or H, and in a vacuum there could be
no discernible difference. We shall, however, deéh the critical case that applies within a magnet

continuum in Section 3.2.4.

4 The term convection current is sometimes usebigncontext. It would seem to indicate that theeot flow

involved is solenoidak.g.as in an eddy current, rather than flowing frosoarce to a sink.
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2.9.4 Primary and Auxiliary Fields Defined

As a way round the joint problems of unhelpful noclature and identification of actual ‘force
fields’, the terms primary and auxiliary fields ahelpful. BothB and H appear in Maxwell's
equations, which we will come to in due course. Ohthe two can be held to be the fundamental, or
microscopic, quantityvhich will always be required in free spaeghile the other is introduced as an
auxiliary field [39 p. 18; 42]which is only genuinely required to describe thecroacopic effects
arising in magnetic materialdf H were the original force field that applied befdne tntroduction of
magnetic matter, thed would be the auxiliary field that allows the dégtion of magnetic materials,

or vice versa

While the situation with the electric field is slam, there is no such confusida.is, and always has
been, the fundamental force field, or microscojatdf while D is purely an auxiliary field that allows

for the macroscopic description of dielectric miatet

However it was thaB came to be originally defined, nowadays it is graped that it does represent
the origin of magnetic force. Consistent with tsisndpoint, it is also appreciated that magnetic
effects originate from circulating electrical chasg as originally conceived by Ampere [5, 6] and
asserted by Maxwell [3, Vol. 2, p275], or by thgirantum equivalent, rather than from the completely
separate original concept of magnetic charges,obesp We shall see in Section 4.2 that, more
generally, Maxwell's equations can be arrangedeims of the fundamental fields andB alone, to
form the basic microscopic equations, widhandH being brought in through so-called constitutive
relations in order to describe the effects of nmattedoing so, the important step is the identifion

of magnetic fields with circulating currents alone.
2.9.5 Summary of the Characteristics of the Field V  ectors

Table 1 summarizes the main properties of the fielctors.H is a force field only if we consider a
Coulomb theory of magnetism with poles. It then tralso take the character of a true vector, rather
than an axial one, which is no longer consistet wie character d@. Although it originates a force

for moving charged particle® is not a force fieldper sefor reasons explained in 2.9.1 and 2.9.2

above. 26
Table 1: a summary of the key characteristics of th field vectors

Property E D B H
Fundamental field (origin of forces as in the Ldreiorce) ] ]
Auxiliary (required to account for macroscopic needin the basis of fre o o
charges and currents alone)
True Vector { L
Axial Vector e o

Actual Force Field ()
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2.10 Special Relativity
2.10.1 Origins of Magnetism within the Theory of Sp  ecial Relativity

It is now understood that magnetism arises naguealla basic result of the theory of special ralsti

in which the magnetic field emerges out of the nedescribe the observed electric force between
moving charges. Just like the original Coulombis,lé gives the force between particles directlyt b
now we must also take into account the particleciges. The result agrees with the equationBor
derived classically from Ampere’s force law, Eqoati(11) below. Furthermore, the result for the
transformation of the electric fiel&, given for example by Jackson [22, pp. 380-38@ieas with the

Lorentz force, Equation (3).

The satisfying outcome is that special relativiffeetively yields the Lorentz force without aray
priori need to prescribe the separate concept of a madied. The Lorentz force therefoaefines

the magnetic field.

It is clearly quite difficult at the earlier stage$ teaching electromagnetic theory to get thisnpoi
across except perhaps in the mention, but on ther diand this does not prevent us from keeping the
information imparted as consistent as possible Witk cornerstone of the theory. By the stage that
some of the basic results of the theory of speeialtivity have been appreciated, students woulihbe

a position to make the connection between Coulotalisand the magnetic field. In Section 5 below
we examine how the basic results can be appliesbitoe illustrative cases: transformation of the
electric field, Faradays law of induction and désg@ment current, and finally, the universality o t

speed of lightn vacuo.
2.10.2 Significance of Magnetism in the Theory of S pecial Relativity

Text books on special relativity usually cite a fign list of ‘relativistic corrections’ which haveeen
duly confirmed experimentally, furnishing evidenoefavor of the theory. In some of these books,
magnetism is then shown to arise as a consequéribe theory, but very few, if any, ever mention
magnetism as being the only basic evidence fothéery of special relativity that we can observe in
everyday situations. All relativistic ‘correctiongeing typically of orderv/c)’, are very small at
ordinary velocities. Herg is the velocity of, say, a moving particle or atfimme of reference, and
by ‘ordinary velocities’, we mean velocities sudtattv/c is no greater than about 10The key
difference that makes magnetism so readily obsénatbordinary’ velocities is that while the elact
force between bodies filled with electrically nelitmatter vanishes, the relativistic correctiondoet

do so when they maintain a current. The magnetmefoan therefore be observed quite readily when
it is not masked by the presence of a net eletdrice which would be many orders of magnitude
greater. While we can indeed encounter very larggnatic forces, this is due to the fact that the

underlying electric forces, if unbalanced, wouldgoite enormous by comparison!

A much more subtle point is that Ampere’s force ld¥guation (11), does not obey Newtonian

relativity as the forces exerted by one infiniteslimurrent element (or moving charge) upon another
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are not generally equal and opposite. This carebdily seen from Equation (11) for the case of two
current elements, one parallel to the spatial vagtoseparating them while the other is perpendicular
to it. The force acting on the perpendicular eletrisnzero while the force acting on the parallel

element is not, so that they evidently cannot heakgnd opposite. To an observer at rest, therefore
there is a nonzero net force acting on the pain @véhe absence of any external influence. How wel

forgotten is this inconvenient fact! Inconveniethipugh, only because its explanation draws us into
special relativity, something all but advanced lblexks on electromagnetic theory generally seek to

avoid.

Surprising as this kind of behavior may seem ewéay, the whole supposition that the force between
charges varies with their velocities flies in tled on Newtonian relativity, as we can make thee®r
come and go depending on the motion of the obseler variable element, the magnetic force, is

therefore at the very heart of special relativitg aot just one of the consequences of it.
2.10.3 Magnetism as Evidence for the Theory of Spec ial Relativity?

Magnetism is has been part of the everyday wonlctémturies. It is in fact so commonplace that we
do not even recognize it as evidence for the thebrgpecial relativity, like Monsieur Jourdain in
Moliere’s play [43], who was greatly surprised, amgpressed, to discover he had been speaking prose
all his life. The main evidence generally citedsirpport of special relativity is the Michelson-Meyl
experiment together with the aberration of statlighinting to the constancy of the speed of ligid a
the absence of an ether, and Fizeau’s experimetiieoapeed of light in moving liquids (see Section
5.4 below). In view of what we have just discussethe preceding section, it is a pity, therefdhat

we rarely see statements such as:

Because we know that magnetic poles do not exasgn@tism must be explained in terms of
existing forces. Since the theory of special reigtiapplied to the electric force would give
rise to a force identical to the magnetic force, mest consider the observation of

magnetism aprima facieevidence supporting the theory of special relptivi 21

Rather, we see it stated the other way round, milgnetism being treated as an application rather
than being placed along with the other evidencés, Flowever, is simply part of the legacy, a resfilt

how the subject developed.
2.10.4 Issues Arising from Advanced Relativistic Th  eories

We must, however, be quite careful when we moveyafn@am these basics. Special relativity and
general relativity have been applied to a wide eawnd problems including electrodynamics. In
relativistic formulations [9, pp. 71-72; 11, pp.43885], the use of tensors suchgasvhich combines
E and B, and8, which combine® andH, to describe fields changes little about the charastics of

E, B, D andH themselves.

The main issue here is that there are variantisrfdrmulation in whictE andH are combined as a

tensor, andH is used in place d in the Lorentz force [44]. While within a partieulrepresentation
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this may stem from convenience rather than negesisithardly serves to promote clarity and
understanding about the basic roles of the fowtmmagnetic quantities. In some ways it may seem
justified to useH as a force field likee, but it is not consistent to do this within the Lotz force,

which involves moving charges rather than magrpailes.

While this may present little problem for expensthe more advanced formulations of relativistic
electrodynamics, the rest of us must exercise @auti interpreting the roles played ByandH in

these special contexts.

We will return to special relativity in Section 5.
2.11 Are Magnetic Poles Completely Redundant?

An approach consistent with the modern view dodgenuire magnetic poles, and so neither does it
require any alternative description for the magn#trce field’. Although it should now be regarded
as largely historical, the pole description is igumg in that it may still be applied to magnetic
problems and, with due care, it does achieve theecbresults. But we must be clear that it dods no
give the correct conceptual picture. It works anatn but not within electromagnetics as a whole,
and so we should really avoid using it as a badioduction to the subject. It is misguided to khin
that poles will help understanding when later wegehto alter the description to conform with an
entirely different picture. In a sense, the poleghis ‘flat earth’ of electromagnetic theory — wenca

readily work with poles as a means to an end, lmuskould not confuse them with physical reality.

Despite being physically invalid at the fundamenéalel, the pole description can be placed on a
sound mathematical basis, as shown in Sectioriridfact its main value, if any, would appear toase

a mathematical simplification over the circulatiogrrent theory of dipoles. As we shall later see,
Section 3.2.1, the interaction between currentldgpos considerably more complicated and far less
intuitive than the interaction between individualgs. This kind of situation is not uncommon, but i
is an intriguing fact that there are many respictghich mathematical pole-based description appear
to be fundamentally at odds with the circulatingrent description, yet it still seems to give

equivalent results. We shall return to this puazl8ection 6.
2.12 Real Matter and the Constitutive Relations
2.12.1 Microscopic versus Macroscopic

Within what we may term anicroscopicbasis, interactions betweall the particles present in any
system under consideration must be accounted faicely. This is applicable to situations where we
are dealing with given charge and current distidmgin vacuo On the other hand, byraacroscopic
basis we mean that we have matter present, gitsegounknowndistributions of charge and current
that require to be determined from knowledge ofirtli@eraction with the known ones. In this
macroscopic picture, matter is most easily charaei@ as being a continuous homogeneous medium
rather than having a detailed microscopic structlitee microscopic structure can be dealt with

separately, for example, in order to relate therosmpic properties of the medium to the properties
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of its basic ingredients on the atomic or molecskale, as in the Lorentz-Lorenz model referreit to

Section 1.5 above.
2.12.2 Real Media

Real media contain charges that are bound to melgcun the quantum mechanical description,
charges may also have an associated spin thag¢samiequivalent magnetic dipole moment, and even
in the semi-classical atomic description, chargasmove in orbits giving rise to net magnetic dgpol
moments. The influence of externally applied elecnd magnetic fields causes charge and current
on the microscopic scale to be subjected to thertarforce, Equation (3) above. This in turn causes
forces and torques on the molecules or ions to lwthey are bound, and the resulting motion is a
problem in mechanics. Generally, a linear modeltitier displacements, or polarization, suffices. The
displaced ions and molecules in turn give risehrtown contributions to the field affecting them,
and so the whole problem of finding the actualdfitdr a given applied field must be solved self-
consistently, as in the Lorentz-Lorenz model. Withireal medium, therefore, the local field values
that provide the forcing term driving the equatiafsnotion are quite different to both the extelyal
applied field and the averageacroscopidield within the medium, that is, the field thatrfains when

we treat it as though it were conceptually a cantin.
2.12.3 Free and Bound Quantities

The terms free and bound may have valid connotataindistinguishing, say, charge thatbisund
within some matter from charge that is entirelyasape and therefoifeee from any other matter. But
the real significance of these terms is that freantties represent the independent, or explicit,
variables in a systerthe sourceswhile the bound quantities are generally the ddpat, or implicit,
variables.Bound quantities are entirely associated with the mawpis picture, whereas in the

microscopic picture all quantities must be congdeas beindree 28

2.12.4 The Electric and Magnetic Polarizations

On a macroscopic scale, the quantitesndM, which are the electric and magnetic polarizatipeis

unit volume respectively, have been defined smatescribe the average instantaneous displacement,
or polarization, of the bound charges and magricle$. In the macroscopic conteX®,andM are
fundamental in the sense that we can relate theettti to the individual molecular electric and
magnetic dipole momentsp and m, which certainly are fundamental at the moleculice,
microscopic, level. Furthermore, sind® and M prescribe the electric and magnetic dipole

distributions, they are associated with electrid aragnetic fields respectively, and we can detezmin

® As before, we include ions and atoms within ‘males’.

® Here displacement also includes any dipole ratafitbte also that while the term magnetic polaidsat
literally means the magnetisatidvl, in some places, e.9.|IEC60050 IEV 121-11-54, taken to be,M with

the symboll (also used for current density!).
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these directly from the given distributions. Whiheprinciple the introduction oP andM, together
with the historically defined free-space quantitieandH, are all that is required in order to take
account of media other than free space, two additionacroscopic quantitie) and B were
introduced and defined as

D=¢E+P

B=/4,(H+M) ®)

The motivation for this was th&t is analogous t& but is associated with free charge alone, a3lin

= Oree » While OE = g - The equationBIB =0 andOM =11, wherell is the density of poles, was
seen as a direct counterpart of the electric agisen that Ny, can be written simply a8 since
there are no free poles. But, there are no polestssbver, and the introduction of equations for
magnetic quantities simply on the basis of paialiethe electric ones is physically wrong, even if
mathematically justifiable. We shall show a difiereationale below that avoids poles altogether and

is based o being the primary magnetic field.
2.12.5 H as the Dependent Variable

The so-called constitutive relations started ouhaform of Equations (5) above withandB as the
dependent variables and withe magnetic form beinghe complete parallel of the electric one,
allowing of course the trivial difference that tb@unterpart oP is taken agoM rather tharM, which

is simply a matter of definition.

If we reverse this picture, as in the modern deson whereH depends o rather than the other
way around. Somewhat annoyingly, the associatechategconstitutive relations as in Equations (6)
below no longer parallel the electric ones. In ®iBiH being the dependent variable, the appropriate
form of the constitutive relations is:
D=¢E+P

B (6)

Hy

Some authors, wishing to draw attention to the tpaile introduce these forms of the equations
[30, pp. 18 and 27; 22, p. 153; 45, p. 276] butythmevert to the original forms which are still
commonplace since they seem to be intuitively nameeptable. First of all, this may be because of
the temptation to have the two sets of equationa fneat’ parallel form. Secondly, it is hardly
intuitively obvious why the auxiliary magnetic ficlas we shall now refer td, should appear to
reduce with increasing magnetization of the medium, white D, the electric displacement, or

auxiliary electric fieldjncreasesalong with the degree of polarization.

As we shall see in Section 4, the true comparisidm MID = oy aNdOE = Gy IS NotOMB =0 and
OmM =M, but rather[IxB = J, andOxH = Jsee, Whered is current density. This requires no poles
whatsoever, and it is clear that any comparisoh wie electric equations is on a basis that alli@wvs

the different vector character of the magneticfigliantities and for vector rather than scalaresir
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Unfortunately, Equations (5) rather than Equati@@)sare generally still taken as the basic form, in

spite of the outmoded description of the magnetantjties that this reflects.
2.12.6 The Linear Description of Media Is Not Funda mental

With simple linear relationships between induced applied fields, Equations (5) become

D=¢[E

B = H ©

or, as they may be written to better reflect thelera view as expressed by the form of Equations (6)
D=¢lE

H=p B (8)

The proposition of linear relationships as in Equa (7) or (8) is not of itself fundamental and is
only required in order to allow the straightforwasdlution of a great number of common physical
problems, such as wave propagation in a given mediheng andu are simply scalar constants,
with £ and iz both, in the main, being close to or greater thaityuthe older forms in Equations (7)
somehow seem more amenable [22, p153 (footnothi}. i$ simply one more convention that makes
us tend to see a parallel betweerandH. Most of us are not quite at ease with routinehtimg

insteadH=£/'B, although there is no logical reason why we shoolddo so.
2.12.7 The Definitions of D and H are not Simply Arbitrary

It could be said that the definitions of the awaxii fieldsD andH are arbitrary, but this is not the case.

One could also ask why they are necessary atiedinghatP andM are more fundamental quantities

which, for example, the Ewald-Oseen approach engptiisectly without any recourse i andH.
The answer to this question lies first of all i ttact that the use &, E, H andD allows Maxwell's
equations to be written in a form that depends onifree sources of charge and current, rather than
all sources including theoundones. A secondary but useful point is that these fields all obey

specific boundary conditions wherddsandP do not.
2.12.8 The Boundary Conditions

The combination of the four boundary conditionsyegwesented in Figure 1, allows straightforward
solutions to some common problems, such as thertrigsion and reflection of electromagnetic waves

at a plane interface. In general, they may be diate

Ei/ _E/2/ =0 DlD - DE =0 free

I I _ 0 o_ (9)
Hl_HZ_Kfree Bl _Bz =0

Here the superscripi refers to a component perpendicular to the interfadile // refers to the part
of the vector that is parallel to The symbold.. represents the density of free surface chargée?, Cm

while Kgee is the density of surface current, Amit should be noted, however, that these four
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boundary equations are only special cases of ebkarwell’'s four equations, but while they may
add nothing new in themselves, they do underliraugefulness of the choice of vectors.

Somewhat intriguingly, the boundary conditions BbrandB appear very similar, as do those Eor
andH. The former conditions both involve only the plaiatomponents whereas the latter involve
only the perpendicular parts. So once more, if we reot on our guard we may draw the wrong
conclusions as to parallels between the vectors.tiitth is that these components are associatéd wit
the particular field vectors because in Maxwellgiations[IxE and[0xH are involved in the one set
andD andO® in the other. Looking at it another way, thoudte tonditions foE andB are both
homogeneous, while those fbrandH involve free sources, and this is actually how pigsical

parallels should be drawn.

A comparison of the key boundary condition progsrtof the four field vectors is shown in Table 2.

" - ~ \‘
'l 1
)
1 ’
WBy ]
i By )
! ]
1 ]
i B, B, :
1 > > 1
i > > ]
1 1
1
1/} ! 1
1
: €1 € ]
1 1
0 i Ha H2 :
1
1 1
! 1
1 1
1 1
| 1
1
|I E// E// :
1
1 1
1 1
;| = Eq/e !
1 1
“ S /I

Figure 1 : The boundary conditions for E and B at a charge-fre plane interface. On opposite
sides of the interface we have media 1 and 2, whese= &/& and ' = (/14 . Both D and B obey a
boundary condition in which the perpendicular compament (0) is continuous, while E and H
obey another in which the parallel component (//)s continuous. This can be misinterpreted as
implying that B and D are analogous, both being aukary fields, while E and H are analogous,
both being primary force fields. The different bourdary conditions for E and B arise, however,
from their origin as divergent and solenoidal fielé¢ respectively, in keeping with their separate

origins in charges and currents respectively.
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Table 2: A summary of the boundary condition propeties of the field vectors and their

counterparts in Maxwell's equations

Boundary Conditions

Homogeneous
Inhomogeneous
Applies to Parallel Components

Applies to Perpendicular Parts

Maxwell's Equations E
Homogeneous o
Inhomogeneous

Involves Curl ®
Involves Divergence

30

t=0 t=r1
0w V1 O Vi A G2 V2
1 - F21 =0
Fio
1 % Ve Fi
Fo1
a Fa1
O V2
O V2 & Fa1
Fio
01, V1 I
Fi;=C 0w, V1
t=2r1 t=3r

Figure 2 : How Newton’s third law is broken. Two paticles q; and g, are on orthogonal
trajectories, as shown at instantd = 0, 7, 2r and 3r. For simplicity we take them both as being
positively charged, but this in no way affects thgyenerality of the results. As can be seen, the
magnetic interaction as expressed in Equation (13joes not instantaneously obey Newton's
Third law for at no instant do we haveFi, = 5. It is easy to check these results conceptually by
treating one of the moving charges as a current andeducing the direction of its field B at the
location of the second charge by means of the rigitand screw rule, and also by noting that B
must vanish along the axis of motion. The term xB from the Lorentz force then gives the
direction of the force on the second charge. The pblem, therefore, is not with the equation,

rather the equation exposes the physical problem.
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Figure 3 : The magnetic field due to a moving positive pointtaarge. The field has constant
magnitude over the toroid-like surface of rotation, while its direction lies in the surface and
perpendicular to the motion as shown. The left-handiiew is a plane section through the axis of

motion, while the in right view the motion is out & the page.
2.12.9 Are D and H of any Fundamental Significance?

But the question still remains, areandD of any more significance than that they are corerdfi
After all, the essence of Maxwell’s contributionetectromagnetic theory is widely quoted as being

the introduction of the displacement curre%glnto Ampere’s Circuital law, and is that not

sufficiently significant? The point is debatabls,itis often possible to attach a physical sigaifice

to quantities that are arguably not in themselwegsldmental. But we can say that as a minimum we
require the field€ andB to represent the origin of the electric and maigrferces, together witk
andM to represent the state of any matter presentfoili of these quantities have obvious physical
definitions and are sufficient in themselves withany need foH andD. That is not to say thad

andD are not without meaning or of significance, thes simply not so basic. 31

3 Fundamentals

3.1 Coulomb’s Law and the Lorentz Force

Coulomb’s law, Equation (1a), the fundamental eignadf electrostatics, can be employed to define
the electric field. For a point charge at the iorighe fieldE at the point is given by

_ o
E(r)= 10
(r) ATE,r? (10)

There is no serious challenge to this descriptincept that Coulomb’s law itself is specific to
stationary charges. It is necessary to combinestfeets of Coulomb’s law with a magnetic force in
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order to specify the forces acting on a point chairy motion. The combined electrostatic and
magnetic force is known as the Lorentz force, refibto Equation (3). Rather than treat this as a
separate effect, however, we can follow the worRimipere on the magnetic forces between currents.
The force between two currertsandl, flowing in the infinitesimal line element#; anddl, is given

by

o Ldl x(1,dl, xT
_/'I 171 (22 2 12) (11)

dF, = Ho
2 ar

r12
Here dFi, represents the force acting on element 1 as atrektie current carried by element 2,
whilef,,is a unit spatial vector directed from 2 to 1. Whas discussed in Section 2.10.2 above,

dF.; anddF,; are not generally equal and opposite, the fofgesandF,; integrated over actual closed

current loops conveniently do balance [22, p. ¥56;pp. 177-178].

Although he expressed it in a more basic form Y&, may nevertheless refer to Equation (11) as
Ampere’s force law. Ampere is given credit for deduction [22, p. 135; 6, pp. 92-97; 24, p4.12]
nearly a century before the Lorentz force. It desrspecific recognition in that it provides the
earliest and most basic statement of the interadietween two currents in just the same way that

Coulomb’s law is the most basic statement of theraction between two charges.

Because it expresses the basic magnetic interaloitween infinitesimal current elements, Ampere’s
force law leads directly to the deduction of a éotbat arises between two charged particles only
when they are both in motion (this not without saroaceptual problems, as we shall soon discuss).
All that is required is to express Equation (11)microscopic form by replacing the vector current
elements with moving point chargeg,and by making the equivalence betwéirandqv, wherev is

the charge velocity, to obtain

Fo=qVv, x&(MJ (12)

AT ra

By including the electric field, we must therefdrave the basic form of the Coulomb force between
moving particles

99 (. 1 R j
E.=—2%2 |7 + v x(v.xr 13
1277 Or122( 127 2V1 ( 2 12) (13)

The striking thing about Equation (13) is thathbw/s the magnetic interaction between two charged
particles is simply a velocity dependent correctimthe usual Coulomb’s law for static particlehisT
correction applies only whdwoth particles are in motion within the observers frasheeference and,
being of order of/,v,/c?, appears to be entirely negligible at ‘ordinarglocities,e.g.up to Mach 10
the magnetic interaction is at most2®f the electrostatic force. Surprisingly, howewérre are
commonplace situations in which the electrostatic pf Equation (13) completely vanishes, as when
the charged particles in question are imbeddedeictrecally neutral conductors, and we are leftyonl
with the magnetic interaction. As everyday expergéeshows, however, the magnitude of the magnetic

force on its own need not be negligible.
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As already alluded to, however, there are diffiegltwith both Equations (11) and (13) concerning
Newton’s third law: “To every action there is aruafjand opposite reaction”. Taking first Equation
(11), consider a situation in whiati; anddl, are mutually orthogonal, witdl; parallel tor,; and

dl, perpendicular to it. We findF, = 0, while by simply interchanging the roles ofiid 2 we find
dF,; # 0. Although we know that this imbalance vanishdwmvthe elemental forces are integrated
over closed circuits and infinite conductors  d@sistence on a microscopic scale is a little
disconcerting. When we then come to address Equéli®), there is no such argument to fall back on
as no circuits are involved, only two charged pdti. The analogue of our example with two
orthogonal current elements is now one in whicthaee charged particleg andg, with velocitiesv,
andv, such that they are on orthogonal trajectoriesyfei@. On the one hand it is futile to make
attempts to argue away the fact that here Newtdhisd law is being broken, but on the other we
must recognize that the situation is entirely mitif. At low velocities, the interaction betweedmet
particles is dominated by the electrostatic foricees the magnetic contribution, as we have seen, is
negligible in such a case. Furthermore, at higbargés, Equation (13) cannot be used as a model fo

the interaction since a complete relativistic ezt is required [22, pp. 3%t seq].

A simple observation that can be made to demomestia need for ‘relativistic thinking’, however, is
that the forces can be made to balance if we simpaye from our original reference frani¢, to a
new frameX'. Here we choos¥' such that the average velocity of the two parsicdeobserved to be
zero. So when we, an observer at rest'jrmove with a velocitw = %2, + v,) with respect to, the
particles now have velocities,’ = Yafvy - vo) andv,’ = ¥4\, - v4), so that their relative motion is in
opposite directions alorgarallel trajectories. Here we have no apparent conflith Wiewton’s Third
law since we can simply exchangé with -v,’ andvice versan Equation (13) while leaving the result

unchanged. On the other hand, replagiggwith r,; alters the sign so that, in alt;; = 1 8 This 32

reinforces the notion that any conflict is to dahwdbservational issues and as such as such the/the

of special relativity must be involved. We will ven to this issue in Section 5.

Page and Adams [46], however, offer an explandtip@arguing that in spite of the force imbalance,

the total momentum is conserved when it is takeootmprise both mechanical and electromagnetic
momentum. The exchange of mechanical and electnoati@gmomentum accounts for the apparent
force imbalance. The momentum density of a tragedilectromagnetic wave is generally taken to be

given by&ExB, but the context here is quite different sincenawves are involved. The interpretation

can only be that the total energy in the eIecthfJ%goEde, is equivalent to a masl§_|‘%£oE2dV
c

" Newtonian relativity involving only vector additioof velocities suffices for this change of refarerframe
since the velocities involved need not be largepljipg special relativity would be more complicatadd

would make little difference to the end result.

8 Indeed, this remains true even if we superimposerther motion on X with any velocity proportional to
(v2-vy), as the trajectories of the particles will stéimain parallel. In short, the Third law holds gdod any
reference frame Xhaving a velocityav, + (1-a)v, with respect to the original rest frame, wherés any real

number. This includes the situation where eithetigla is at rest.
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\ . : .
that can carry momentum;j%goEdeWhen the charge is in motion. SinEeandB are related
[

through Equations (14a) and (14b) below, this kEgtression can be seen to be directly linked
tojgoEx BdV . Both Stratton [9, pp. 103-104] and Jackson [22,1192-194] give detailed accounts of
the conservation of momentum including the elecagnetic contribution

While Equation (13) is of limited practical useisitnevertheless of fundamental interest because

* It shows that the Coulomb force of electrostatiest be modified when the charges are in motion

» The additional contribution that arises when tharges are in motion accounts for the origin of

magnetic force

« It involves fundamental interactions between ples alone and puts magnetism and electricity
together, whereas Ampere’s force law, Equation,(@¢dh be read as a effect between currents that is

unconnected with Coulomb’s law
* Ampere’s law, the Biot and Savart law (see beland the Lorentz force may all be derived from it

* The asymmetryF,; # -F1, provokes a serious problem for Newtonian physitat tmust be

recognized as evidence for special relativity.

From Equation (13) we can write fielsandB that are consistent with the Lorentz force as

__ 9 -
E(r) = r 1l4a
") ATE,r* (14a)

~

B(r)=—J [—llz(v xr)

2

ATE)N - C (14b)
_ M9 o
=——(vxr

4m2( )

These apply to a particle of chargesituated at the origin and having a veloaityintegration ofB
over a given charge distribution gives the regulthe more familiar form based on current density
rather than discrete charges in motion. As illusttan Figure 3, the form dB in Equation (14b)

contrasts strongly with the radially symmetric Goub field in Equation (14a).

The magnetic field due to an infinitesimal currelgment, effectively the magnetic field of a moving
charge, was the contribution of Biot and Savart, [82 133-134; 7, p. 174; 9, pp. 230-232;
45, pp. 178-179]. As an aside, it is to be noted tivo of the references cited here have the law of
Biot and Savart, as it is known, definiBgwhile the others have it definirtg. The difference lies in
whether we take the current involved to be totatent, or simply free current (Section 2.12.3)tHa
former case it defineB, and in the latter it defindd. This kind of ambiguity never seems to arise
with the electrostatic field where Coulomb’s lawaisvays treated as definirtg rather tharD, even
though to do so would enable the definition to cisecarry over into dielectric media. There is no
doubt as to the form we have in Equation (14b);esiwe are dealing with microscopic rather than
macroscopic fields (Section 2.12.1) and we aredospecific that it is the field of the chargelone

that we are interested in, and not in the fields tluany bound charges that might be affected égeth
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fields. What applies t& in this case applies #, and it would be inconsistent to qud&eon the one

hand andH on the other.

We may take Equations (14a) and (14b) as fundartherdafining the forces between charged
particles and their associated fields. Puttingttfetogether with Equation (13), we derive the lmire
force as in Equation (3). WitB originating from Equation (14b), the magnetic diéhvolved in the
Lorentz forcemust beB. The forces on specified charged particles and cus@lways depend da
and B and never directly orD and H - thereis no option about using either microscopic or

macroscopic quantities in this context.
3.1.1 Verification the Lorentz Force

While we postulate thd is the fundamental magnetic field on the basis dlanagnetization arises
from currents, what is the proof? Does it carryrofer example, into magnetic media? It has been
asserted by one author [47, p. 118] that the exyarial proof of the correctness of Equation (3) has
been demonstrated on numerous occasions, but #usb, proof is now hard to track down as it has
not been given the place in the literature thully deserves - text books in particular appeavioid

the issue.

Lorentz in fact introduced his ‘law’ only in therfa of a postulate to the effect that the forceractin
a unit charge is given by [23; 48; 49, p. 14;1,\lob. 422]

F=4n°c’D+vxH (15a)
— 1
f=d+2vxh (15b) 33

Note that here we have dropped the original gosleiipt. This was not, as we have seen the first
recognition that magnetic fields caused forces mimitesimal current elements, as recorded by
Oersted and Ampere. Even Maxwell included the fooce moving charges among his original
equations, first expressing it in his original papeterms ofl x4H [2, p. 489] and then later, in his
treatise, he unambiguously states the force onitacharge in motion to bexB [3; vol. 2, p240].
Nowadays the notation used by both Maxwell and htarés quite unfamiliar, and there may be more
to Lorentz’ choice of the variablesandh (i.e. D andH) than meets the eye. But because of their use,
neither of the equivalent forms in Equation (15umambiguously recognizable as being identical to
Equation (3) which is based on the fieElandB. How and when this later form came into regular use

is now obscure, as it is simply stated without caanhin most of the recent literature.

One would think that are some simple observationsnagnetic materials that would provide an

experimental basis for distinguishing betw@&andH in the Lorentz force, for example

* electron spin resonance, ESR, in magnetized deyrit

« the Hall effect within a conducting magnetic sasgind

« the force on a magnetically soft conductor cagygarrent in the presence of a magnetic field.

Surprisingly perhaps, ESR shows no difference betMeeandH, the Hall Effect offers no clues as it

iIs anomalous in magnetic conductors, while it tuon$ that the force on a magnetic conductor is
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essentially no different from a non-magnetic onke Test would instead require to be carried out
within a magnetic fluid. Appendix 2 gives furtheadkground on these examples showing (a) the
difficulties in finding a test capable of produciagconclusive resdliand (b) in the case of ESR and

the Hall effect, illustrating some of the difficids with the available literature that have been

discussed in Section 2.1 above.
3.1.2 Theoretical Grounds for the Lorentz Force in Magnetic Media

While the experimental evidence is hard to pin dowiannief50] has addressed the issue by means
of calculations on beams of charged particles patieg) ferromagnetic materials. He uget® denote
the field actually responsible for the Lorentz forand concludes that, except under rather special

circumstances.g.allowing for close range forces and quantum effdct B.

As discussed above, however, the conclusive theatetrguments for both the origin and nature of
the Lorentz force are more fundamentally basechemtemise that all magnetic fields originate from

moving charges or intrinsic circulating currentgdther with the theory of special relativity.
3.2 The Force Arising From Magnets

In spite of the relative simplicity of the descrget of the magnetic force as an interaction between
directed current elements or moving charges, magugioles do exist and have to be dealt with.
Their occurrence is commonplace in the fields gfligd physics and electromagnetics, and only very

rarely do we deal with the magnetic interactionsvieen individual electric charges.
3.2.1 Dipole Interactions

A currentl circulating around an infinitesimal loop of a&has a magnetic moméhmn given by

m = IndA (16)

where N is the unit vector normal to the plane of the l@op following the right-hand screw rule in
relation to the direction of the positive curreloif |.

While it is relatively straightforward to definedtdipole moment thus, the interaction between two
such infinitesimal dipoles of magnetic momemt andm, is considerably more complicated than for
the simple Coulomb interaction between individushiges or poles. The primary interaction is in the

form of a torqud 1, given by
BP: =%[3(m1Eﬁ)n XF = m (17)

wheref is the unit vector fronm; to m, andr is the distance in between. In addition, howetrere

is also a direct forc€&, that is often overlooked. This is not a phenometiat applies only to the

® The author would be grateful for any referencesoaclusive experimental evidence.

191EC60050 most confusingly terms this the magratéa moment (IEV 121-11-49) and defines the magneti
dipole moment agym with symbolj (IEV 121-11-55).
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macroscopic dipoles such as bar magnets that wealbhfamiliar with, it applies equally to the
infinitesimal dipole. It is often forgotten aboutdause a single dipole experiences no net foree in
uniform field, only a torque, but between two eleaey dipoles there is a residual force because the

dipole fields themselves are not uniform, and aoldipn will experience a net forcé equal to

(m{O)B in a non-uniform fields.

Even neglecting the direct force, Equation (17)as exactly amenable to further reduction or simple
interpretation. Difficulties of this sort are nodimfor arguing that the fundamental magnetic fasce
better expressed in the form of a Coulomb inteoactietween magnetic poles. In fact it is Equation
(13), the microscopic equivalent of Ampere’s folaw, that provides the simplest basis for descgbin
the elementary magnetic interaction. Ampere’s fdeee itself, Equation (11), is equally satisfactory

when dealing with currents rather than discretegdms

The torque on a magnetic dipole in a uniform magnitld B as given in Equation (2) follows
directly from Equation (16) and the Lorentz fordgquation (3). This can easily be tested by
considering a square loop of sidewith B in the plane of the loop and parallel to one @ $ides.

Two opposing sides of the loop will experience équal opposite forces equal Rla while the

34

remaining two will experience no force at all, hgiparallel toB. The net torque is then

(Bla) xa = Bm in agreement with Equation (2). This result, astess relatively simple.
3.2.2 Polar Versus Magnetic Dipoles

While the physical basis of the current dipoleims@e and more rational than the polar model dipole
we cannot physically split a solenoidal dipole ihi@ simpler equal and opposite parts. It is trenef
often tempting to see if it is possible to make patar dipole model work as a substitute for the
current dipole model. The polar dipole momemfis given as per an electric dipole witty, = pdl,
where P are the pole strengths separatedibyand so we have to ‘equate’ thistig = IndA. If we

did so, however, we would not be justified in wrgi Equation (2). This arises because the vector
characters ofn, andm, are different, the former being axial and theelalieing polar. It would imply
that the character of the torque, was that of a real vectdr We could be tempted to wrife=
mp % toH, but this is clearly not compatible with Equati(®) in general. Equation (17), on the other

hand, is valid whatever the dipole character.

Figures 4a and 4b illustrate the difference betwfggte polar and current dipoles. The forms o th
fields are given in several texts [11, pp. 253-268 271-272; 45 pp. 48-49, 205-210 and 267; 22, pp.
98-101 and 141-143]. The difference is in fact odilycernable on a scale comparable to the size of
the dipole itself, but it is a very significant féifence in that the field directions in the cerdfghe
dipole are reversed. It will be seen below thats¢hénherent differences, including the vector

character, are retained even when we considersamidnty of infinitesimal dipoles.

1 Since poles are fictitious we could patch up fisblem by assuming that a p@evould reverse its sign

under inversion, but this would be simply addinghe artifice.
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3.2.3 Properties of Dipole Fields

The properties of the ‘force field’ due ittfinitesimalpolar and current dipoles are indistinguishable in
that by making the dipoles vanishingly small, wa caly see the fields on a large scale as in Figure
4c.

Unfortunately, any discussion of the basic natidrinese fields is somewhat limited without referenc

to two concepts from vector analysis, divergencé emrl, with symbolsiiOand Ox respectively.
While they are not the easiest of concepts to deapfih, their names give a guide to their meaning.
A divergent field emanates from a point, while &soidal field curls, or circulates, around an axis
There are analogies with fluid flow, with divergdiaw being associated with a source (or sink) of
fluid, while solenoidal behavior describes a voitexcirculation of fluid around an axis. The picture

of swirling bathwater disappearing down the plughd therefore a combination of the two.
Whirlpools at sea, however, are created by oppasimgents, and do not have an associated source or

divergence, and therefore the two concepts of dereze and curl appear quite independent.

A
(a) C‘ (b)

Figure 4 : A comparison of solenoidal and polar diples. (a) Local ‘force field’ for a current loop
dipole. (b) Local ‘force field’ for a polar dipole. (c) Distant ‘force field’ for either current loop
dipole or polar dipole. On the microscopic scale # characteristics of these two fields are are

entirely different, while on the large scale the caracteristics of both fields are are identical. 35
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A field that is either divergent or solenoidal wilften have both zero curl and zero divergence in a
given region of space. In fact, the divergencewt may be zero everywhere except at a single point
But the existence of that point determines thengadfithe field around the point, as we will se¢ha

examples below.

The field resulting from a current element is soldal, that is to say it has zero divergence
everywhere but locally it has a non-zero curl ewdrgre, while the field due to a pole or charge is
locally divergent and has zero curl. Solenoidal diveérgent quantities are characteristically defer
and consequently there is no possibility of haviwg fields b and h which areeverywhereequal
while one is solenoidal and the other divergentisTih quite evident from Figure 5a where the
elementary solenoidal field encircles its sourchijlevin Figure 5b the divergent field emanates or
converges directly from or to it, depending on pidarity of the source. The fieldsandh are both

mathematically and conceptually ‘orthogonal’.

This discussion of curl and divergence leads t@gparent paradox. If we hoHi to originate from
currents andd from poles, then, how can they provide seemingiygatible alternative descriptions
of the same phenomenon, given the completely ofgpssienoidal and divergent characters of the
fields that they generate? And on the other hdralénoidal dipoles are identical to polar dipodes

a large scale, why, fundamentally, can we not havéully consistent physical description of

magnetism in terms of poles which would be simfdetteal with mathematically?

The answer is to these questions are relativelygsitforward, if not immediately obvious. Given the
large-scale dipole shown in Figure 4c, we canrbatell if it is solenoidal or polar in origin bause
both the curl and divergence of the field are zrerywhere except within the infinitesimal origih o
the dipole itself. But as we shall now see, itasgble to tell the difference fonacroscopiadipoles

even on a large scale.
3.2.4 Incompatibility between Polar and Current-Loo  p Magnetic Dipoles

There are three types of magnetic dipole that cbalthvolved in magnetic phenomena
* Polar

» Solenoidal

* Induced

The first two types are permanent dipoles basealtamnative descriptions, only one of which is
conceptually correct. The third type is based weeondary effect where there is ordinarily no net
dipole moment at the atomic level until a magngéld is applied. Our discussion here relates adaly

the first two types, and we only mention the thasl it is the origin of so-called diamagnetism
[14, pp. 134-135]. Induced magnetism will alwaysd¢o oppose the applied field, by Lenz's law, so
that the associated magnetic susceptibility tuutsnegative. Nevertheless, such magnetic effeets ar
still the equivalent of circulating currents sottifiar our discussion here, which has the objectif/e

distinguishing between polar and solenoidal dipolsneed only compare these two particular types.
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Figure 5 : A comparison of purely solenoidal and purely divergnt fields.Diagram (a) is the

solenoidal field for a line of current directed inb the page, and diagram (b) is the divergent field
for a negative charge or pole lying in the plane othe page. Diagrams (c) and (d) show the
simplest of solenoidal and divergent fields havingnly a single nonzero component. Both such

fields vanish within the plane out of the page inaiated by the dotted line.
36

S

(a) unpolarized (b) polar (c) solenoidal

Figure 6 : A comparison of magnetization of a bodydue to polar and solenoidal sources. An
ellipsoid, shown unpolarized in (a), has identicaliniform magnetization shown by the arrows,,
in (b) and (c), In (b) this magnetization is due ta surface pole distribution, while in (c) it is de

to a surface current distribution. These two distrbutions are entirely different, even though the

magnetization on the interior is the same. 37
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We are all familiar with the result that two madoetipoles held at separate locations in free space
will tend to line up antiparall® to each other if they are free to rotate. Whether dipoles are
solenoidal or polar, the result is the same sinig@gause the mathematical description we have for

them makes no distinction between them except dnfaritesimal scale.

A single dipole placed within a continuum of polipoles, as in the historical description of a
magnetized medium, will always align itsalfitiparallel to the local magnetizatipne. antiparallel to

the average dipole moment per unit volume wheieldcated.

Contrarily, a single dipole placed within a continu of solenoidal dipoles, as in the modern
description of a magnetized medium, will align litgearallel to the magnetizatiomhe observation of
this completely opposite behavior in practice wobk] and is, of course, an effective qualitative

demonstration that magnetization has its origiaiioulating currents.

But, viewed this way, the paradox is why should¢hiee any difference at all? If polar and current
dipoles are essentially indistinguishable excephair infinitesimal detail, how can they bring albbo
this fundamental and irreconcilable differenceha tacroscopic behavior of a magnetized medium?
To answer this we have to understand how the ptiepenf an individual point dipole map onto a

finite solid body.

While this discussion applies equally well to bpibles and charges, for simplicity we will refer to
poles alone. Taking first the infinitesimal polaipale, it is formed by separating two equal but
opposite poles, g-and p, by an infinitesimal distancdl, with the dipole momentn being given
effectively as in Section 3.2.2. Now, we can apptactly the same concept to two equal and opposite
pole distributionsthat are displaced by the infinitesimal distadteln the straightforward case that
the distributions are uniform everywhere insiddased surface which defines the shape of the body
in question and zero elsewhere, the net pole demsgthin the body is zero prior to any such
displacement, and in general this situation is fiectéd by the displacemeexcept at any part of the
surface that is not parallel to the displacemeit any such point on the surface, the effecthef t
displacement will be to introduce a net surfaces leinsity where the distribution has been displaced
outside of the original surface of the body, foample, as in Figure 6b. The net surface pole deusit

is given by

o(r)=n(r) ngn dl

. (18)

where (r) is the positive pole volume density within thedgpthe displacement il =1 dl, and

dsis a given element of the surface whose unit nbdimacted out of the body iés. For simplicity

we takell(r) to be constant within the interior of the bodytkat M, the dipole moment per unit

volume, is constant and equalfial.

12 By antiparallel we shall mean geometrically padatiut directed in opposite orientations and, e ghme

context, we shall mean by parallel geometricallsaflal and directed in the same orientation.
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Because the net pole density is always zero wihiy region of the body, the dipole momerithin

the body has no discernible effect and shefacepole density created by the magnetization must
account forall of its effects. Inside the body, the net ‘forceldi is therefore entirely determined by
the surface pole distribution, so that we can lgheesurface pole distributions in plae&d remove

the body itself Everything in the interior will behave asiif vacuqg but under the influence of the
induced surface pole (or charge) distributions. daienot definitely say this, however, if the internid

the body has a non-uniform pole distribution, hudtscases are more complex than we need consider

here in elucidating the basic principles.

Given that the surface pole distribution inducedty magnetization determines everything we need
to know for a body subjected to magnetization &f fort, it inevitably follows that the ‘force filin

the interior of the body is directed in the opposite sensehéofield emanatingrom the body. The
reason for this is that when are near the posjiole distribution, say, the field will be directadriay
from it as shown in Figure 6a, irrespective of vileetwe are on the interior or exterior of the body.

Similarly, if we are near the negative pole diattibn, the field will be directed towards it.

Now let us turn to the solenoidal dipole whichapresented by an infinitesimal current loop. As ynan
textbooks show, a configuration of identical tounchicurrent loops lying in a plane behaves
identically to one single loop of current passimguad the perimeter of the configuration. Thisris a
illustration of Stokes’' theorem [22, p. 9; 11, p82259; 9, pp. 237-238]. Therefore, if we take a
uniformly polarized body comprising solenoidal dgmand divide it into plane sections orthogonal to
the direction of magnetization, the total magneiizaof the body is represented by the collectibn o
the currents traveling around the perimeters ofath sections. This in effect represents a neeotr
lying entirely within the surface of the body anidcualating around the axis of magnetization. The
current is given in terms of a surface densitAm™ traversing any line element that both lies within

the surface and is coplanar with the axis of mdgatbn.

If we let each infinitesimal current loop in a ptahave a magnetic momedin, then according to
Equation (16) the curremtcirculating around a loop of elemental addais given from dm=IdA. As

we argued earlier, all of the loop currents lyimgirely within each plane section cancel by virtfe
touching an identical adjacent loop, but arounddtige of the plane sectioie. at surface of the
body, there is no touching loop to provide a cangetontribution, and so the net current traveling
around the edge of the plane is simplthe dipole current itself. If the plane we havketaas a
section has thicknesl, thenl/dz gives the linear current densitg, along the edge. However, we can
also relatedm to the magnetization per unit volumd, since the volume occupied by each dipole is
dAdz and so

dm = MdAdz
= |dA
=M :|—:K

dz

We therefore havK equal toM or, rather more precisely,
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K =M xfi, (19) 38

Similarly to the situation with polar dipoles, weewe may remove the entire body and leave the
polarization to be represented by the surface ehalgne, we can remove the entire body and leave

the surface current to represent the magnetizfigoye 6c.

While the surface current density provides a fallgrnative description to a surface pole denity,
two descriptions are not physically equivalent. éNot particular that while ond(, is essentially
vector in character the other, is scalar, and that their magnitudes have entdiélerent distributions
over the surface, as we see from Figures 6b andé-igc.. The poles tend to concentrate where the
axis of magnetization cuts the surface, whereasuhent density concentrates around the equatorial
plane. We might try to argue that these differentiesugh significant, tend to be mathematical in
origin, but what we cannot escape from is that'ttiee field’ that exists inside a body magnetized
with current dipoles must be in the same direcierthe magnetization itsetind that is completely

opposed to the situation that holds within a bodgnetized with polar dipoles

This is demonstrated in Figure 7. To convince dueseof the point, we must follow it through from
first principles and, for the moment, without thimlx of B andH. We must think only about the actual
‘force field’, whatever it may turn out to be calleand we can deduce as much as we need to know
about this field simply from the way that the digoltend to align. As for a test dipole, we choose a
current loop simply for consistency with the moderew, but we already know that the choice will
not affect the outcome because individual elemetifadles have indistinguishable properties. They
have identical external ‘force fields’ and we candetect the differences in their interior. Howe\var
Figures 7b and 7c we have chosen different coesiitdipoles for the magnetized body itself. The

corresponding surface pole and surface currenililisibns would be as in Figures 6b and 6c.

In Figure 7Db, the internal polar dipoles must bgredd ‘up’ in order to be consistent with the reqdi
magnetization and to have external field consistgtit the orientation of the external test dipdfe.
the ‘force field’§ emanating from the surface of the body is ‘upgrtton the other side, the interior, it

must be ‘down’, as we have already discussed atiosl to Figure 6b.

In Figure 7c, where we have a body of current dipothe effective surface current must be anti-
clockwise (as viewed from the top) in order to lagistent with the required magnetization and to
have an external field consistent with the orieatabf the external test dipole. Remembering that
parallel current elements attract whereas antilghi@hes repel, the current in the test dipole ladp
tend to be parallel to the current around the pstemof the plane cross-section in question. On the
interior this must also be the case so that hexadst dipole must now be ‘up’, and consequenty th
‘force field' in the interior of the body must ald® ‘up’, just the opposite of the polar magnetized
body.

This is the truly fundamental point. It tells usthidentical though the properties of the twoetigint
types of individual dipoles may seem, the ‘foraddi inside a magnetized medium - which is just an
ensemble of such dipoles - is represented by Fi@arewhich describes a ‘force field’ due to
circulating currents, and not as in Figure 8b whilgscribes a ‘force field’ due to magnetic poles.

Mathematically, there is a subtle difference betwie two types of dipole such that when we
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Figure 7 : The alignment of magnetic test dipolemside and outside a magnetized body. In (a)
we see the entire body, magnetised as shown. Theéesral test dipole aligns antiparallel with the
bulk magnetisation. Within a plane cross section othe body, as at (b), we assume polar
magnetisation and the internal ‘force field’ ¥ is ‘down’, with the test dipole seeking the South
pole, while at (c)¥ is ‘up’ because the test dipole aligns itself ssdo keep its current parallel to

the effective magnetisation current circulating araind the edge of the plane. 39

proceed from an individual dipole to a large-saahsemble or continuum of dipoles, their original
incompatible solenoidal and divergent charactehichvare effectively suppressed by the process of

making them infinitesimal, simply re-emerge. This@s because those distinct properties, which,

although conveniently hidden by the smallness afesare still there, and they become transfewwed t
the ensemble or continuum as though the result sienply a scaled-up version of the infinitesimal
dipole, albeit possessing the actual geometrictdildef the ensemble. Finally, it is interesting to

compare the three bulk pictures 8(a-c) with théaroscopic counterparts 7(a-c).

It is an important point, however, that the behadiscussed above has been reasoned from the basic
properties of the relevant types of magnetic dipafefree space so that there can be no ambiguity
resulting from the use of eith& or H. We replaced the magnetized body by its equivgiete or
circulating current distribution, so we reasonednfr fundamental free-space principles, not
macroscopic ones. This therefore provides the akytiysical underpinning of the phenomenological
description — the magnetic ‘force field’ is entiredolenoidal, never divergent. Consequently theee a
no real poles. It is not sufficient to state - @slmost invariably done — that this follows frafB = 0
alone. As this condition only negates the existenfcéee poles, it leaves open the possibility that
there are intrinsic magnetic dipoles of the patdher than solenoidal type. We must also statethieat
‘force field’ is associated witB rather tharH. If we did allow that the ‘force field’ could ateatively
derive fromH, then since we may havélH # 0, the converse of the standard argumenBfarould
apply, so that polesouldexist.H is only a ‘force field’ if poles exist, poles dotrexist, ergd is not

a ‘force field'.

Consider further the implications of the mode déraction between dipoles. If an individual dipole
tends to line up with the macroscopic magnetizatiban this tends tmcreasethe field rather than

decreasat. This is the opposite behavior to an electifwote in a polarized medium where the dipole
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alignment tends to reduce the field, as in the pwmpic form of Coulomb’s law. This explains the
essential difference between the S| and emu fofni&joation (4), since the force between magnetic
poles tends to increase in the presence of a magnetium rather than be decreased by it. On these
grounds alone, if we must introduce poles as afaetitthen only the MKSA form is valid. Moreover,

to be consistent, it is actually the emu form thejuires to be fixed up by an artificial concept of
induced poles, which is no more than an apologyafg@roblem which endures only for historical

reasons.

In a ‘polar’ description, the equivalent distribartiof bound charge is given byP. Analogously, the
equivalent distribution for poles is therefore givey OM. In the circulating current description,
however,[1xM is the equivalent circulating current responsiblemagnetization. Note that we cannot
describe the same magnetic field as originatinmfbmthOxM andOM together; it has to be the one
or the other. On the face of it, however, it istgthard to see how such different quantities sich a

OxM andOM can give the same field and we shall return te pndblem later.
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Figure 8. A comparison of the possible ‘force fiels’ associated with a magnetized body(a) The

‘force field’ inside and outside a sample polarizedhroughout by solenoidal dipoles. The field is
definitely solenoidal in origin as the sample coule replaced by a current loop around its
exterior. (b) The ‘force field’ inside and outsidea sample polarized throughout by polar dipoles.
The field is definitely divergent since the sampleould be replaced by a pair of oppositely
charged plates. (c) The ‘force field’ outside a saphe of polarized or magnetized material. There

is nothing to reveal whether the field is polar (diergent) or solenoidal in origin.
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4 Maxwell's Equations

No discussion of electromagnetic theory can be d¢etmpwithout a discussion of Maxwell's
equations. Maxwell's equations are so significdmat they are sometimes seen as the starting point
from which all else that is of interest follows. dtv Stratton, to whom we so frequently refer, takes
them as a postulate, introducing them on pagehisaflassic work [9, pp. 1-6]. But the standardfor

of the equations we see and use today is not gaitdaxwell first set them down [23, pp. 231-232].
As a result of refinements initiated by Heavisid@,[vol. 2, pp. 1-23], just four of his originalgét

sets of equations [2, pp. 480-486] are now taken assis, while his force equation equivalent to
Equation (3) was later associated with Lorentz

D[D::Ofree
Om=0
DxE:_a_B (20)
ot
oD
OxH=J,, +—
free 6t

These go together with the historical form of tlendgtitutive relations, as given in Equations (5)
above, and the Lorentz force, Equation (3), assistfar describing a vast range of electromagnetic
phenomena. But, in formulating the equations aseacrption of macroscopic phenomena by
including D andH rather tharE andB alone, the true set of microscopic or free-spap&agons is

obscured. While substitution &fE for D is an obvious step back towards the free-spacatieqs, we 40

have an ambiguity witlB andH, which we will now explore. If Maxwell's equationgere entirely 42
fundamental, no such ambiguity should exist.

4.1 Free-Space versus Macroscopic Equations

By free-space we mean that the bulk polarizaB@and magnetizatiolM are both taken as being zero.
Any bound charge or magnetic current involved withatter has to be included explicitly as sources
along with all the free charges and currents. Maksvequations can then be written in either ob tw
forms, one dependent @handH while the other is dependent &andB. Conceptually, one and
only one of the two forms is valid. First of alh free space we must select only two fields, one
electric and the other magnetic, as a third andfionould be redundant. Provided that we accejt tha

the proper choice for the electric field s against which there is little argument, this nett our
choice to just those two forms.
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Figure 9a : The development of electromagnetic thep from basic principles. In the static cases,
shown in the yellow, the starting points are Couloin's and Ampere’s laws. The Lorentz force
can be argued as evidence for Einstein’s theory dadpecial relativity. Once that theory is
independently established, the Lorentz force and #hexistence of the magnetic field itself can be
derived. Crossing from statics to dynamics, showmithe green boxes, special relativity can be
invoked to provide the time-dependent equations wknow as Maxwell's equations, confirming
both Faraday’'s and Maxwell's contributions. H and Dare not essential and are required only in

order to more readily describe fields in matter.

Ampere’s
Coulomb’s / FOl’Cpe Law LI(:)cr;:géz

£ The Equations

Modified for / of
Moving Electrostatics

Particles \ Define E Gauss’ and / and
andB [ Stokes’ Magnetostatics
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Figure 9b. A more elementary approach based on Coninb’s law modified as in Equation (13)

allows the deduction of all the fundamentals of etgrostatics and magnetostatics in free space.
Ampere’s force law is implicit, and, rather than arsing separately, E and B are abstracted
simultaneously leading to directly to the Lorentz dérce. As before H and D are not essential but

can be added later, making their auxiliary roles ctar.

41

41
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4.1.1 Free-Space Maxwell's Equations in Terms of E and H

In this first arrangement we eliminaieby writing insteads,E, sinceP = 0. But for B we refer to the
constitutive relations, Equation (5) or (6), andilwrately writen(H+M) in its place. The reason for
this is that with Maxwell’'s equations as given iguation (20), there could otherwise be no source fo

an intrinsic magnetic field sinckis to be considered ‘free’ - a pure conductiorrenr. With(J[B = 0,

therefore, we must have = -JIM . The required magnetic source is provided bydikiergenceof
the macroscopic quantityt. We can therefore definemaicroscopicquantityll, a ‘pole density’, as

the appropriate source. But we must apply condtrais to which functions are permissible for a pole

density, for example, by requirinﬁ;l‘ldv =0 over of any region space that is taken sufficieathall

but still finite. In addition to the pole densityl, we must also have a pole current den¥tyas the

pole distribution may move. In analogy with movictgarges for which we havk= ov, we can write
Y =Mv. Sincell =-0M, we must then hav& =66—M from the continuity equation, assuming that

this applies equally well for magnetic poles agoes for electric charges.

Consequently, we have for the free-space equaitiotiiss representation a formulation that appears t
be consistent with the polar description of magradion:
DE=L
o
OH =1
(21)

4.1.2 Free-Space Maxwell's Equations in Terms of E and B

The other form we may take is

oE=~
&

gm=0

nxe+ %8 -0 (22)
at

XNEO - ag(;E =J tree t'J mag
Here we are only required to accept that all magmearises from currents alone. We must therefore
include a termJn,q €ven in the free-space equations in order to septeany intrinsic or induced
magnetic dipoles that arise from spin rather noroamiduction currents. We have therefore writlen
as Jieet Jmag IN Order to make the distinction between the cetidn current and the intrinsic

magnetic current. Whilée. will be a function of botlE andB, Jug differs in that it will be entirely
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independent oE. Note that while it is true that an orbital electrcan give rise to both polarisability
and magnetization, in any basic phenomenologigaksentation these effects would be seen as being

separate.

To accept the first form of the free-space equati@guations (21), is to adopt a model of magnetism
that includes poles and, as we have seen in thvopeesection, effectively implies thHt is the force
field. In accepting the second form, Equations (28 are recognizing that all magnetism, as Ampere
was first to believe, arises from currents alohevduld save a lot of trouble if Equations (22),reve
given the recognition they deserve by referringhiem as the free-space Maxwell's equations, and
teaching them as such before launching in to timemtional macroscopic form as in Equations (20).
With the free-space form as the starting point,ierascopic description of electrical and magnetic
polarization can then be brought in to derive, @seikample Scharf demonstrates [16, pp. 151-157],
the full macroscopic form of Maxwell’'s equations fmpceeding along the lines of the Lorentz-Lorenz
treatment referred to in Section 1.2 above. Theatgus so derived are no other than the set of
Maxwell's phenomenological equations that we arefamiliar with, including the constitutive
relations. The physical basis for the phenomenolddgheory of electrodynamics is therefore held
within the free-space Maxwell's equations togethdth the Lorentz-Lorenz development of the
macroscopic equations. Buchwald [51] presents ailddtaccount of the conceptual difficulties faced
by the original Maxwellian macroscopic theoristsuimderstanding the true nature of the interaction
between electromagnetism and matter, and how tleeogtopic view eventually took hold as the
electron theory progressed and the contentions weadually resolved. Today, of course, with
unavoidable hindsight, we think little of it. Theanroscopic and microscopic pictures are seen sofit
obviously together that it is perhaps difficult appreciate the quarter of a century of debate and

counter debate that was involved in the transition.
4.2 Microscopic Form of Maxwell’'s Equations

There is another approach to Maxwell's macrosceqitations [38, pp. 427-428; 16, p. 151]. Here the

phenomenological description of matter in termgaolfarizationP and magnetizatioM is dropped

resulting in a description purely in terms of thmdamental field&€ and B together with all source
charges and currents, as in the free-space Masnagiliations, Equations, (22). In doing so, however,
we can still identify the source terms relatedht® presence of matter with appropriate functionB of
andM. In principle, we can carry out a similar exeraisngE andH as the basis fields, as in 4.1.1

above, in order to see how a pole based theorydnoak.

4.2.1 Maxwell's Equations in Terms of E and B Alone
In order to proceed we first of all note that
* Electrical charge comprisedl charge, both bound and free

» The polarizatiorP arises from the bound charg®.u.q acting as source

* Motion of the bound charge constitutes a trueesirfyoung = %P
t
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* The magnetizatioM arises from the implied circulating currehfgacting as source [9, p. 242].

Turning then to Maxwell’'s original equations, Eqoas (20), only the first and fourth of need
attention. In the first, if we wish to replaBewith E+P then we must simply replag®.. with all

charges present, both bound and fgg, . In the fourth equation, we need to do four safeathings:

« replaceD with £E+P, as in the first equation,

represem%P bY Jbound »
t

* replaceH with E—M ,
Ho

* representliVl by Jmag.

Only the last of these four steps needs any fuijtistification. If we have a magnetic field dueao
real circulating currentJge., then 0OxH =Jqe, and therefore, as in the free-space equations,
Equations(22), we are simply ascribing the origiraoy form of magnetizatiothat is not due to a

conduction currentto an equivalent currentyag In any caselJmag= XM is simply the more general
form of K =M xn_which applies at the surface of a uniformly magrestisample, as in Equation
(19) above.

The resulting form of the four equations is, assheuld expect, identical to Equations (20) except
that the source termgandJ must now refer t@ll charges and currents, designategobyi andJ o

But in the process we have defined the associabneen certain of these quantities and the presenc
of matter which we more usually describe througb folarizationP and magnetizatiotM. We
therefore have

O [qfoE) = Potal

OmB=0

DxE+a_B_

m (23)

=0
- X(Ej ) a(£0E) = Jiotal
Ho ot

where

ptotal = pfree + Iocond + Iobound
pbound = D EP
J =J...tJ +J (24)

free bound mag

oP

bound — E

J ey =OXM

total

Scharf [16, p.151] refers to this particular seeqfiations as the ‘Microscopic Equations’, althobgh
does not attempt to make the distinction betwkenandJn,g, taking both together as simply beihg
These equations are, as should be expected, identith the free-space Maxwell’s equations,

Equations (22), except that the charge and curremsity quantities are now specifically labeled as
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‘total’ to remind us to include these in all tharms, bound and free. We could therefore havesteca
the free-space equations into these forms merelyafyyropriately representing all the sources

involved.

We may refer to Equations (22) and (23) alike &sftee-space or microscopic equations. The free-
space context can be recovered trivially from Eiguat(24) by takind® to be zero, although we must
still allow Jpagto remain® but only for the purpose of including individuatiinsic magnetic dipoles
such as electrons, atoratz Details of the terms in Equations (24) that aguired to account for

macroscopic effects are further explained in T&ble

4.2.2 Maxwell's Equations in Terms of E and H Alone

Contrarily, if we were to choose andH as the basis fields, we could equally have an aintir

different form to the equations in Equations (23) #24). Following a similar process we now find 43

D |:G‘SOE) = ptotal
OluH) =N
DXE+% =—4,Y (25)

OxH _9(&E)
0

=J free +J bound

where
n=-0[M
ot

As mathematical models, there is no argument irorfaxf either the set of Equations (23-24) or
Equations (25-26). In the one set we have elettritarges and currents alone, with magnetism being
related to a circulating current throughxM = J.,og, While in the other we have the presence of both

magnetic poles, identified byl = -[1IM, and magnetic currents due to their motiqn,—_%_M (note
t

that magnetic poles so defined obey the same ogismr law as does electric charge and sivide

intrinsically a bound quantity we need not identtfwith a subscript).

Burris [31, p. 9.2] actually introduces Equatior®s)( together with pole density and pole current
without further qualification, as though they wdhe basic entities. Within the definition of the
Lorentz force given in this same relatively recariicle, we have, again without further qualifica;
LoH rather tharB. The attempt to have everything in term£ofndH rather tharE andB may suit

the purposes of some authors, but this can onlyt@tite general confusion surroundidgandB,

131n such a cas& dV would represent the dipole momentwheredV is an arbitrary infinitesimal volume
occupied by the dipold,.gthen has to be expressed in term8®M by means of the calculus of generalised

functions.
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Table 3: A summary of electrical and magnetic soure terms and their meanings

al

net

1

of

el.

Source Meaning Key Characteristics

0, Potal Electric charge density of all o= piee + Oeond + Poound
charges present

Lrree Free charge density Charge that is isolated drishaurplus to an otherwise neut

body. Need not average to zero locally in spaceraayg support
direct currentDC, depending on whether free to move or fixed.

Peond Charge density giving rise toCharge that is available to flow in the presencaroélectric field
conduction within a conducting medium.

Poound Bound charge density giving Under the influence of an electric field, the refatdisplacemen
rise to polarization within a | of the positive and negative components of a boahdrge
material body distribution gives rise to a polarizatio”. Averages to zer

locally in space and gives rise only to AC currents

J. Jiotal Total current density J=pv +Jme At any point in space, the product of the

electrical charge density and its velocity.general this will be 3
function of bothB andE. We must also includé,,, (see below)
in order to account for magnetism.

Jiree Conduction current, due 10J:.c = GhedViee OF Beondcond @S appropriate. The movement
motion of unbound chargeshound charges is excluded. The summation is oveavailable
Prree OF Pcond free charge types. In genetile will be a function of bottB and

E.
Jbound Current due to motion of T _ 0P = undbouns ONly bound charges are considef
oun at
PFoound
and the current is due to their relative motionnelo The
summation is over all bound charge types. In génkka.q will
be a function of botB andE.

Jmag Current giving rise to Jnag =0 %M . Imagis due to currents or spin at the atomic le
Intrinsic magnetism in general it is fixed or a function &, but is independent &.

n Pole density N =-0[M, a fictitious source for an intrinsic magnetiddie

Y Pole current Y = oM , a fictitious current of poles accounting for timarying

ot
magnetization

particularly in a reference work. At the very leasthors who usg andH as the basis fields, with or

without poles and pole currents, should give adexqcautions so as to prevent any such confusion.

As pointed out in Section 3.2.4 abovéB = 0 alone does not imply the non-existence of qaigther

it merely implies the non-existence of free polHse non-existence of poles, therefore, does ne¢ ari
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out of Maxwell's equations, which could readily limde poles as we have shown, but rather from the
observed nature of the magnetic ‘force field’, whigides with the solenoidal fieB as its origin

rather than the divergent fieldl.

Magnetic poles do not exist, either as free morepok dipoles, and so the concepts of pole density
M and pole currenY are simply artificial. Furthermore, as they ontigral for the macroscopic terms -

am and%_'\:l they are purely auxiliary. In addition, we have illentification ofE andB as the two

field quantities involved in the electromagnetiac® both microscopically and macroscopically.
Finally, the free-space form of Maxwell’s equatipBsjuations (22), identifies a specific relatiopshi
betweenB andE alone, while we cannot achieve the sameBandH without reverting to poles,
Equations (21). All of these points argue towddsiations (23-24) rather than Equations (25-26), as

being the physical underpinning of Maxwell's eqaas as we generally know them. 44

4.3 The Standard Form of Maxwell’'s Equations

Maxwell's equations as we generally know them mfibrm of Equations (20) lead us back to the

free-space equations, Equations (28), providedwiat
« remember the basic quantities &randB,
« convert D to £E + P andH to B/t - M using the constitutive relations, Equations (6),

* settoM to zero everywhere, except in the case of anyiohabl intrinsic magnetic dipoles we want
to keep as ‘free’ quantitié”s in which case we associaféxM with the magnetic currentlyag,

describing such dipoles,

 setP to zero everywhere. Since a pair of free chargesaccount for any free point-dipole, it is not

necessary to retain[P as a local source of bound charge.

In turn, the free-space equations will lead us kaciny form of the macroscopic equations that we
choose, based either on a simple phenomenologpgbach or a detailed microscopic approach.
What advantage, however, is their in choosing taedard form of Maxwell's equations? Often, when
we have to solve them, the first part of the predssto find a way of eliminating two of the four
variables in order to get, say, an equatiok,imn equation itd and a final one linking botB andH.
The quantitie®D, B, P andM will follow based on the original assumptions, the form taken by the
constitutive relations in the given scenario. Weyrfalow the same basic process starting instead
with E andB, but the result will be the same. Even with Maxisedquations in the form of Equations
(23) or (25), where we have already reduced thethéaunknownd€ andB (or E andH) alone, we
still have to resort to the supporting equationgudfions (24) or (26) in order to bring in the

properties of the media involved.

4 For example, on the atomic scale, when descrithiagnteraction between the electromagnetic field an

individual particle possessing a net magnetic dippbment. See also Section 4.2.1 and the foothete.t
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Maxwell's equations in their standard form, howeds bring the supporting equations into play, but
this is achieved by taking[® andUJxM, the source terms for polarization and magnetizatmgether
with OE and[JxB in the first and last equations leave us wittield terms only inCJID and OxH.

We can only interact explicitly with ‘free’ entie be they charges, currents or magnetic dipolis. A
‘bound’ quantities are involved only implicitly thwmgh the characteristics of the media concerned. In
that sense, the ‘bound’ quantities require to beeeisolved for or eliminated rather than specifestt

so in dealing with macroscopic media it is morevesmnent to us® andH rather tharE andB in the
first and fourth equations. The standard form ofxiell's equations, Equations (20), is therefore
essentially macroscopim character, whereas Equations (23) still retdfres free-space form and
requires to be taken together with Equations (B4)rder to deal with macroscopic media. Equations
(24) are therefore the bridge between the freeesamd macroscopic forms. In the light of our
discussion in the preceding sections concernirggradtive views oH as arising from either poles or
currents, it must be clear that the roletbfhere is strictly associated with currents alond, an

particular,only free current

Finally, we may mention that when the standard fofriwlaxwell’s equations is quoted in the form

OimB=0
DxE+‘;—?=o
_ (27)
|:H:ID_pfree
oD

DxH_Ez‘Jfree

the result is a pair of homogeneous equations bagetthe microscopic quantitids and B alone,
together with a pair of inhomogeneous equationsdasD andH alone and withpgee andJsee as the
source terms. The pair dbmogeneous equations do not involve any chargesends or magnetic
sources, and therefore come over from the freeespaen to the macroscopic unchanged. On the
other hand, with the inhomogeneous equatiBnand B must be replaced with their macroscopic
counterpart® andH so as to specifically to account for all chargasrents and magnetic sources.
This form is by no means universal, but it is usedexample in [52; 45, pp. 304; 9, p. 6; 15, p. 1;
53-55]. Any particular reason for preferring it gognmentioned, but it is perhaps because this form
carries over directly over into the relativistiafmlation [15, footnote to p 1.] but it does alsaka it

a little easier both to remember the rationale tethine uses of all four of the field quantities aad

identify the free-space from the macroscopic qtiasti
5 Special Relativity

While special relativity is at the very heart of deon electromagnetic theory, it is often consideoed
advanced a topic for inclusion in an introductoigcdssion of the fundamental theory. Indeed, itespi
of its compact formalism, or rather because dhi, relativistic formulation of electromagnetic ding
does not lend itself to easy understanding ansl geenerally only undertaken as part of an advanced
mathematical physics course. But, as we have d&enlink to relativity is obvious through the

existence of the magnetic field itself. First, ives a full basis for classical magnetic phenomena
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without the need for artifices such as poles. Sélgpreven if we were able to argue for some
alternative non-relativistic theory, we would bé Mith the difficulty of explaining how the forces
between electrical charges in uniform motion cawddtrive to break Newton’s third law, which they
may do by Equations (11) and (13). It seems atpitave any discussion of the deep impact of this
fundamental link simply to a mention in the passifig demonstrate how deep the link is, let us

review the basic structure of electromagnetic théased on what we have established so far.

It has already been mentioned that Coulomb’s lamasmplete in as much as it provides a purely
static description of the interaction of two charg€oulomb’s law as applied to moving charges as
seen through the theory of special relativity ressith not just in a single modification, such as

. . - . . 45
Equation (13), but in theomplete description of electrodynamics including Lorentz force and all

of Maxwell's equationsThis is illustrated in Figure 9a. In the diagraime starting points of the
classical microscopic theory are Coulomb’s and Amajseforce laws, Equations (1a) and (11) above,
which lead to the definition of the electric andgnatic fieldsE andB, thence to the basic equations
of electro- and magneto- statidSxE =0, U[E = p/&, [0xB = 14J and OB = 0, and tothe Lorentz
force, F=q(E + vxB). The Lorentz force, as we have seen, can be argsievidence for Einstein’s
Theory of special relativity. That theory havingehendependently established, however, the Lorentz
force and the existence of the magnetic field fiteah then be derived given only a purely electric
field. Crossing from statics to dynamics, shownthie green boxes, special relativity can again be
invoked to show that the time independent equatiofts = 0 andxB = 14J , which we may suppose
hold in a given rest frame, must transform overthe established time dependent form as per
Maxwell's equations within a moving frame. This pides a theoretical basis confirming both
Faraday’'s and Maxwell's contributions to the thedkg beforeH andD are required only in order to

describdfields in matter.

A rigorous treatment of electromagnetics within theory of special relativity is covered in detay
several textbooks [22, pp. 380-388; 9, pp. 78-30;pp. 486-495; 56]. Here we only attempt to use th

simplest results to justify the assertions made/@b®o this end we show that

» a force on a test charge placed between eledyridahrged plates will be seen to vary depending on
the velocity of the observer. This paradox showet the laws of physics based on Newtonian

relativity are incomplete,
« this apparent paradox is resolved by applyingigpeglativity to the observed electric force alpne

» consequently the magnetic force provides eviddacespecial relativity while conversely special
relativity provides the exact form of the magnétice,

 the time dependent contributions to Maxwell's dopres can be deduced from special relativity
(Faraday's law of induction and Maxwell’s displaesincurrent).

In addition, we examine how the theory of speaiddtivity imposes the condition on the free-space

electromagnetic wave equation that the wave velouiist be independent of the frame of reference

of the observer, given that these wave equatianguat like any other.
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5.1 Transformation of the Electric Field

Figure 10 shows an infinite parallel plate capachaving uniform charge distributionsotand o
(Cm™) on each plate. We take our frame of referenceeisg the ‘rest frame’, in which we, the
observers, and the charge distributions are s&tomhere is no current, and Coulomb’s law alone
applies so that the electric field is given By=0/g,z and a test chargg lying between the plates

will undergo a forc& = q£2 :
o

5.1.1 Demonstration that the Force Depends on the O  bserver’s Velocity

Within a frame of reference moving with a velocity=vX with respect to the rest frame, however,
the test charge and both of the surface chargehdisbns now have a velocityvs-and therefore
surface current densitigé = +ov (Am™Y) are observed, the negative sign being for thetipely
charged plate. This gives rise to a magnetic fiBld= 14,Ky between the plates in this frame of
reference, as the currents on each plate are @guahgnitude but oppositely directed. The fact that
we can maké8 come and go with the frame of reference shouldurerising, but of course we are
already aware thd& must be treated as an ‘observational’ effect ddpenonE itself rather than on

an entirely separate magnetic source.

The current seen in the moving frame results ietdarceF on the test chargggiven by the Lorentz

force involving bothE andB as found above 46

F =q(Ez+(-vX)x Bj)

= q(zi—,uoKv QJ
&

0

:qzz(l—goﬂov 5) (28)
& g

0

V2
o[-

The net force acting on the test charge therefppears less than it was in the rest frame duedo th

48

factor of :v%c?. This paradox of classical electromagnetism cdy ba resolved by accepting the
theory of special relativity. While the theory gfegial relativity has many conflicts with the cliass$
description and offers the prospect of numerousgmates within its own framework, paradoxes are
rare within the closed confines a purely classidmgcription, particularly when velocities nowhere
near the speed of light are involved. This is ohé&éose rare exceptions, and as we have mentioned
earlier, it is so obvious as to go almost unnotideds certainly mentioned by few, if any, authas
compelling basic evidence for the theory of speoiddtivity, even if they do at some point fully

acknowledge that magnetism arises out of spedeivity!
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+0

Figure 10a. The field within a moving charged pardkl plate capacitor. In the rest frame, there is
a static charge distribution o on the bottom plate of the capacitor, and an equaind opposite
static charge distribution on the top plate. An eletric field E between the plates results, and
there is no magnetic field B.

B :,U()K
P
= Lhov
= gV E

Figure 10b. The field within a moving charged pardkel plate capacitor. Viewed from a frame of
reference moving to the right with velocityv, the charge distributions appear to move with
velocity —v, i.e. to the left. Therefore in this frame of referencave must have a magnetic field B
due to the linear current densitiesK=tov seen on each plate. This proves that the magnetieli

is purely an observational effect, an implication brelativity. B is orthogonal to E and to the
direction of motion, and its magnitude is simply(v¥/c?E. The effect of the motion on the
attractive force between the capacitor plates is toeduce it, since opposite currents repel, and
again, this must be an observational effect as alle have done is to change to a moving frame of
reference, the force in the original frame of refeence is unchanged. These conclusions can be

reached with noa priori knowledge of special relativity.

46
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Figure 11 : Current and pole distributions producing identical external fields. A uniformly
magnetized cylinder is taken to be magnetized, ime case with a surface current distribution K,
and in the other with a pole distribution o. The ‘force field’ for a polar description is shavn in
(a) based on two parallel discs (the pole faces) dveng equal and opposite uniform pole
distributions. In (b), however, we see the ‘forceiéld’ resulting from the surface cylinder
carrying a uniform sheet of current such that a lirear current density K circulates around the
polar axis. The external fields are identical, imping that if we specify the one distribution then
we are automatically specifying the other. But ashiey are defined on completely independent

faces of the cylinder, this seems counter-intuitivé/hile the internal fields appear quite different

they are trivially related through the curl and divergence of M. 47

5.1.2 Demonstration that Special Relativity Account s for Magnetic Force

One of the main results in the field of speciahtigity is the Lorentz Transform which shows how th
spatial and time co-ordinates, (y, X, } in one frame of reference map over into anothamé of
reference moving with a relative velocitywith respect to it. Almost every elementary textspecial
relativity, for example [57, pp.59-64; 58, p. 341, pp. 375-378; 7, pp. 140-141], deals with the
Lorentz transform and many show how it can be @erivom three basic principles: the speed of light

is a constant independent of the reference franvariance of measurement under pure translations,
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and the principle of relativity itself, that is say, if we transform from frame A to’ Asing velocity
as a parameter, then the very same transform étparametervwill take us from Aback to A. We

can express this as
LV (X1 y, X1 )_’ (X'l y'l Xl! t’)!
Ly (X, Y, X, th=> (X, ¥, X, }

The Lorentz transfornL, and its inversé. , are then given by

L, L.y
X = K[x-vt) X =YX +vt')
y'=y y=y 1
Z=z z=7 where V= (29)
v
1 \" ] \" ] 1_7
t' = ft-— X t= )t +—x 2
K 2 ) K 2 ) c

For simplicity we have assumed that relative motetween the primed and unprimed frames takes

place along the-direction with velocityv =vX as in our example above.

One immediate conclusion of the Lorentz Transfosnthat the charge density seen in the primed
frame isyo (notdy!) because in the unprimed frame a charghstributed over an araixdy will be
seen in the primed frame as being distributed aveareadx'dy’ = (dx/y)dy. This change of scaling,
known as the Lorentz contraction, comes about scauevaluating the differentidk’, bothx and
x+dx must be taken at the same insténtithin the moving frame, rather than the sameainisin the
rest frame. The quantity of charge itself cannotaffected and consequently we must have yo
andE,' = )E,.

Besides length, forces are also observed differemtlhe primed frame. The definition of force aser

of change of momentum still holds valid in relagtié mechanics, but the transformation between the
forces observed in different reference frames tiseracomplex because it involves the transformation
of the observed momentumas well as that of the observed titr{g7, pp. 178-180]. But for a force,

F,z say, that is acting perpendicular to the motidn,of the moving reference frame, the component
of momentum involved is unalterepl; = p, [57, pp. 178-180]. The transformation O associated

with the force F,z therefore depends only on the transformation wieti The net result for the

specific situation in which the accelerated bodstégionary in the rest frameks, = F,/); so that for a
given force acting on the test charge in the remié, the force observed in the primed frame is
reduced.

Taking the Coulomb force acting on the stationast tharge in the rest frame on its own, the fasce

seen in the primed frame would therefore be evatuas
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This result is entirely in agreement with the earliesult of Equation (28) that was obtained by
evaluating the effects of the magnetic field andelndz force, thereby resolving the apparent paradox
The undeniable conclusion is that transforming ghee Coulomb force seen in the rest frame to a
moving frame results in a force whielgrees with the full Lorentz force acting on thst teharge as

seen from within that framéeThe classical result obtained by bringing in thagnetic field as an 48

observational artifact together with the Lorentwtcompletely agrees with the Coulomb force, taken
on its own, as long as the observational transfooms of the theory of special relativity are apgli
This simple 1-dimensional analysis carries oveo iatcomplete 3-d treatment. The only caution is
regarding the literature on special relativity litse that it is quite common to sé¢ used in place of

B within the expression for the Lorentz force [48; p. 42], but this is perhaps a syntactic errtreia

than a semantic error on the part of the authers ao doubt quite clear by now.
5.2 Faraday’s Law of Induction and Maxwell's Displa  cement Current

The preceding discussion takes us from Coulombisvia special relativity to the magnetic field and
the Lorentz force, but it does not take us beydadtmstatics and magnetostatics. For a descrifgtion
electrodynamics we require to bring in the exgicttme dependent terms in Maxwell's equations
through Faraday’s law of induction and Maxwell'ssglacement current. Are these phenomena

original physical principles or are they also siyngitifacts of special relativity?

In the introduction to Section 5, we supposed aate where the time dependent contributions to
Maxwell's equations are unknown. Apart from simpitroducing time dependence into the equations,
these contributions are responsible for the cogdiietween the electric and magnetic fidlis way
that reaches back even to static fieldbat is to say, without them, electricity and metigm are two
entirely separate effects, whereas with them thegoime completely interdependent. As to the
assertion that this also applies to statics, tieeesemantic issue here as to what we mean bg. stat
The term ‘static’ must be taken to include unifommotion since what is completely at rest in one
reference frame may be in uniform motion when viévie another equivalent reference frame.
Consequently, a charge that is static within orfieremce frame may give rise to a current element in
another. Since we can describe thisoas J, we can likewise writé]-E — [OxB, that is to say the

electric field in one frame of reference can gige to a magnetic field in another, ande versa

In Sections 5.1.1 and 5.1.2 we saw that the coimmebetween static electric and magnetic fields did

indeed come about through special relativity. Wer show how two of the equations of electrostatics
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and magnetostatic$)xE =0 andJxB = tJ, need to be modified, so that in doing so thay the
become what we recognize as the two of Maxwellig fequations that include the time dependent
contributions,—a—B and@

ot ot
Our assumed initial scenario is that we are ohlisido any coupling between the electric and
magnetic fields or any time dependent terms in e¢heations, and that it is sufficient to write
E(r,t) - E(r',t') andB(r,t) -~ B(r't") under any transformation of reference framér,t) - (r't).
We are simply assuming this to be true so that &g consider the consequences.
If we start withOOxE in the rest frame and apply the Lorentz Transfose find 0'<E in the moving

frame by application of the general transformatfon differentials, which follows directly from

differentiating Equation (29):

0 0 0 0 0 0
-~ =V—+ﬂ2— -~ =V—,‘ﬂ2—,
oX ox ¢ ot 0X ox' ¢ ot
0 _0 0_0
ay' oy dy oy (31)
0_0 o0_o0
0z 0z 0z 07
90,0 0 0,0
ot' o0x ot ot Wax’ yat'
We then find
oxE= 0xE+(y-D 2 [E2-E9]+ 2 2 [E2-E]
ox- 7 Zloctoatt Y z
(v v?
=0OxE+—| 5*xE |[+0O] — 32
c?t(c2 j (CZJ (32)
=D><E+a—B
ot

It is also to be understood that on the left sitihe Equation (32 is a function of X', y, X/, t') while

on the right botte andB are functions ofx, vy, X, J. We again identifylsz with B from Equation
c

14b, and we neglect the terms of ordéic? that are effectively unmeasurable at ordinary ciéikes.

We must therefore conclude thatifxE =0 pertains in a given reference frame thér E +%—? =0

pertains in another. This then is the origin ot#lemagnetic induction - it is indeed a consequerice
special relativity.
It would appear that Maxwell’s displacement curnenuld follow from applying the same procedure

to O0’'xB, but this leads only to higher order terms. Howeavenust be borne in mind th& itself

should be regarded as the lowest order relativisifcection toE, and it is again t& that we should

look as the starting point. This time we must aswlvh(;—ltztransforms:
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Here, as previously, it is to be understood thathenleft side of Equation (33 is a function of

= (1o~ 0%B) +

(X, y, Z, t) while on the right botlie andB are functions ofx; y, z, }. Givenv,=v=0, it is possible

y OE

+ 7L -

c? ot

(33)

49

to write v(;—t in the form{vI)E, which by a standard identity is equalv{al (E)- O x (v xE).
X

Finally, we again identifyizx E with the magnetic field.
c

Now if all chargep is stationary in the primed reference frame there is no change in the electric
. N 0&,E Lo . o
field with time so that,uoTzo, while in the unprimed rest frame the charge itistion must

appear to have a uniform velocityv +in the x-direction, giving rise to the current density

J =pv = gov[E. We associate the current densitwith a magnetic field originating from the now

- R . Y iy 0&,E
familiar relativistic correction to the electricefd,— xE. In addition we have the tenm 6('; ,
c

which will not in general be zero because at argpeint the electric field will be changing as auk

of the moving charge distribution, as in the caa aoving point charge. In the primed frame we

have a purely electrostatic scenario, whereaserrest frame we havexB = 1, (J +

neglecting terms of order’/c’ . This, then, is the origin of the displacementent™.

While we have achieved these results through aasicetihat is only valid fov « c, they turn out to be
valid in general and fully consistent with spedaiglativity. The time dependent forms of Maxwell's
equations that are revealed, however, may in teruded to show the exact form of the coupling

between the electric and magnetic fields under angé of reference frame [22, pp. 380-382;

9, 78-80]:

[ (I",

At

E t') = E,,(I’,t)
EL(r,t") = UE,(r, t)+vxB(r, t))

B, (r.t)

B0 1)

B, (r ’ t)

;{Bu(r,t)—cizVXE(r,t)j

0&,E

(34)

" j , again

'* Since the displacement current may also be irdesimply by taking the divergence of Maxwell’s feur

equation and requiring the conservation of cha%ﬁ,: —[J D one may ask why appeal to special relativity?
t

But, going back a step, relativity itself is basgdsimple and fundamental tenets such as transédtiovariance

and conservation laws. While both methods of eistlainlg the existence of the displacement curremegually

valid, we have chosen this one specifically tositate the same connexion with special relativityvih

Faraday’s law of induction.
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where the subscripts // ahtidenote respectively parallel woand perpendicular te, and the factoy
can be ignored except at extreme velocities. Niad¢ only the perpendicular parts BfandB are
coupled by the change of reference frame. Alsotrdresformed electric field has a strong similatity

the field part of the Lorentz force (see 5.3 below)

Returning to Figure 9a, we see that special refatis indeed the bridge between electrostatics and
electrodynamics. As with Ampere’s force law, thexano need to adopt Faraday’s law of induction
and Maxwell's displacement current as separateufatss. Coulomb’s law and the theory of special

relativity are sufficient.
5.3 Lorentz Force

In Section 5.2 we saw that under a change of nederérame the transformation of an electric field,
E’, bears a strong resemblance to the field path@ibrentz forcekE + v xB. Conceptually, we can
hardly escape from the fact that the Lorentz foreest be identical with the Coulomb force, the only
difference being the velocity of the charge undesesvation. In the rest frame of this charge, dhéy
Coulomb force is ever experienced. Einstein draensibn to this in his seminal 1905 paper [59], the

relevant part being:

1. If a unit electric point charge is in motianan electromagnetic field, there acts upon it, in
addition to the electric force, an ‘electromotiwede’ which... is equal to the vector-product of

the velocity of the charge and the magnetic forgeld manner of expression]...

2. If a unit electric point charge is in motionan electromagnetic field, the force acting upon
it is equal to the electric force which is presantthe locality of the charge, and which we
ascertain by transformation of the field to a systef co-ordinates at rest relatively to the

electrical charge. [new manner of expression].

Accordingly, the equatioR = q(E + v xB) is none other thaR’ = gE’ within the appropriate frame of
reference. The terni(+ v x B) is simplythe electric fieldE' perceived by the charge g within its own

rest frame

The form of the Lorentz force is correct for anytjgée velocity and no approximation is involved.
According to Jackson [22, p. 191], it has been erpntally verified to very large velocities. The
guestion that hangs, however, is what happensereithagnetic medium? As mentioned in Section
3.1.2 above, the Lorentz force is still expectetidtnl good except in special cases where therebmay

close range forces or quantum effects to consider.
5.4 The Speed of Light as a Universal Constant

That the speed of lighih vacuois a constant independent of any reference fraamanevolutionary
concept in its time and is held to be the primangence for special relativity. But the significanof
this is more than purely conceptual and its effacesnot simply confined to the peculiar domain of

relativistic physics, for it has an impact on tleéuson of Maxwell’'s equations for propagating wave

The most general and simplest form of wave equadion
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This equation, applicable to all componentszodnd B simultaneously, also applies to other linear
phenomena such as the propagation of sound wavesy® know that electromagnetic waves and
sound waves are fundamentally different in thatdapparent velocity of sound waves is fixed with
respect to the reference frame in which the undeglynedium appears to be stationary, and
consequently the observed wave velocity dependh@®motion of the observer, while on the other
hand the velocity of electromagnetic waves appteassame in any reference frame. How can both

systems obey the same equation?

The answer lies once more in the Lorentz transfdfsing Equation (31) to find the transformation of
the double partial derivatives with respecktandt, it can be readily verified that the wave equation
Equation (35), is obeyed in all reference framedengoing uniform motion with respect to the
original rest frame [22, pp. 352-353 and 378]. e therefore apply the Lorentz transform to any
solution of Equation (35) and be confident thatiit still be a valid solution within the new refemce
frame. A plane wave solution to Equation (35) pgaiang in thex-direction with frequencyw and
wavenumbelk has a phase at any point along #axis given bygXx,t) = at - kx, where wk = c.
Applying the Lorentz transform toandt, the phase observed in a frame moving along t#eswith

velocity v with respect to the rest frame will bigen by:

AX 1) = Y-kt - V(k —ﬂzjx'
C

= wt' —k'X
where
W = y(wkv) (36)
k' = p(k-avlc?)
W = L)
y(k-avic?)

Both the frequencyJand wavenumbek’ are different in the primed frame, while the phaskocity,

given by a/K, is unchanged. On the one hand the frequency ppleoshifted down by a factor of

1-v/c
1+v/c

, whereas on the other the wavelength is obsewatctease by exactly the same factor so

that there is no change in velocity.

For a sound wave, however, the ratitk is not the speed of light, but speed of soundcsawhich is
considerably smaller. Accordingly, to first ordeni?/c? we havew = (1 -v/c)wandk' =k, so that we

have w/k' = csv, which indicates both a Doppler shift and a chamgepparent sound velocity.
Conversely, no change in wavenumber (or wavelenigtlgbserved. This all conforms to what we
would expect at low velocities. Because the wawgilens unchanged, any Doppler shift must be
accompanied by a change in velocity, whereas frteimagnetic waves in free space the frequency
and the wavenumber change by exactly the samer fasth that the speed of light remains invariant.

Although the results of a change of reference framgecharacteristically different for sound waves
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and electromagnetic waves in free space, they timless obey the same wave equation without
contradiction. The transformation properties of twave are built into the transformation of
coordinates rather than the equation itself, arlg when the velocity of the wave is identical t@th
speed of light in vacuo is it invariant under ard of reference frame. For electromagnetic waves i
matter, however, when the wave velocity, is significantly different from c, theay/k’ # wk. To

2

first order inv, ¢, would be shifted by an amount approximately eqaal v EEl—C—“Z"J . While in
c

general, the shift amounts to at most hundredseiéra per second in normal terrestrial situations,
extremely high velocity ionized gases, say, it ddo quite significant. Nevertheless, the resuiini
the basis of Fizeau's experiment [60; 57, pp. 6Bw@ich, by means of an interferometer, produced a
measurable result for the shift in water flowingaahodest speed. The significance of this at the ti
was that it produced less than half the valuematld be expected in an ether based theory where th

propagating wave would be borne along by the tragehedium.
6 Discussion
6.1 Is A Magnetic Field Really Necessary?

Given that the magnetic field arises from speaddtivity, as discussed in Section 5, and in palaic
that fact the whole of electromagnetic theory simglems from treating Coulomb’s law according
with special relativity, can we not dispense witk notion of a magnetic field altogether and simply
consider everything in terms of a proper relativigteatment of the electric field? There are twaimm
problems with this notion, however. One is that prefer to avoid applying relativity theory to
everyday phenomena, and the other is that we waaNg to consider separate reference frames for
each different velocity involved, which is cleariynpractical in all but the most trivial of
circumstances. In particular, how would circulatmgrents be dealt with? The concept of a magnetic
field, therefore, simply provides a straightforwangthod of dealing with this complex situation so
that we can evaluate the forces due to any arpitallection of moving charges that is effectively

inclusive of the relativistic corrections to thesebved electric forces.

From a more elementary educational standpoint hewydhere is nothing overwhelmingly difficult
about the modified Coulomb’s law as given by Equat{13). The problem with forces that do not
balance may be used as a means of touching omtheith special relativity, and of course it caa b
pointed out that on a practical footing all is wéllr closed circuits. It embodies the basis of
magnetism and does not necessarily require exjbenat terms of special relativity. As shown in
Figure 9b, it can be taken as the starting poiomfivhich everything else follows in a consistent
manner. Split into its two component parts, elestaitics and magnetostatics can be developed from a
common footing. The connection between electriaitgd magnetism will therefore be recognized from

the outset.
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6.2 Equivalence of Solutions Based on Magnetic Pole s and Currents

That two apparently distinct models of intrinsic gnatism - one based on poles and the other ¢~

circulating currents - should give identical sabats is more than a little surprising. It seemanply

that whenever we specifyllM throughout the volume of a particular medium, thexM is
automatically determined, amite versalndeed,JIM andIxM must coexist in a form of duality. We
know that by using Maxwell's equations in the foomfirst Equation (23) and then Equation (25),
both approaches must provide fully equivalent figlntities, as illustrated for example in Figuie 1
but due to the irreconcilable nature of soleno@a divergent fields, the charactersiiil and0xM
are very different. Even their spatial distribusaare quite different, which all adds to the difftg of

seeing how this equivalence is possible.

Surprising or not, a full mathematical analysis sldemonstrate the complete equivalence of these
two descriptions [61]. While trying to understaridstis a fascinating mathematical conundrum in
itself, perhaps somewhat disappointingly it seewrisalve no great relevance from the point of view of
electromagnetic theory. It suggests that the alireat equivalence of the two different descripgien
more on a mathematical basis rather than a physital Nevertheless, it can be very confusing as,
rather than having a single view, we tend to bé bptween two views, a simpler non-physical view
on the one hand and a somewhat more complex phyé&a on the other. If, however, we put the
pole description out of our minds, the problem oroger exists. All the same, the natural philosopher
among us may wish to ponder as to why this tanmtgliy close correspondence exists at all. Pole
theory is so simple, it is correct in its resutts the fields, and yet it gives the wrong beha¥iwrthe

‘force field’ inside a magnetic medium in that

« the force on poles followd while the actual force detected by any infinitesimipole depends on
B rather tharH;

< within a medium consisting of current based dipple test dipole tends to align parallel to the

dipoles of the medium, while in a medium based aandipoles it would tend to do the opposite.

Even now, on the surface it could be possible smdis these issues on the grounds that it is,
practically speaking, a simpler alternative to #mmewhat more cumbersome circulating current
theory. But, in the end we cannot accept as the lthsory something that is conceptually wrong,
particularly when we already have a perfectly sotinelory, albeit a little more mathematically
difficult. In fact, the only real difficulty liesn avoiding the misleading notions and nomenclalieite
over from the pole theory, as discussed in Se@iabove. It would make matters considerably easier

if we had never ventured down that route in th&t ftace.

In the meantime, it is interesting to note thandgnetization were accounted for by a combinatfon o
both current and polar dipoles, as considered pliessiven in Maxwell's time, things would be much
more complex. In order to describe this situatiemwould have to divide up the magnetizatidrinto

M, for polar magnetization anill, for the circulating current based kind. The ‘forfeeld’ for our
cylindrical sample would then be represented bgralsnation of Figure 11a fdvl, and Figure 11b

for M,. One could arrive at the seemingly paradoxicalasibn where, with balancing proportions of
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each type, the resulting ‘force field’ would be falit zero on the interior of the sample! Withoyirg

to analyze this situation too deeply, it does appeée quite implausible. It could make an intéres
academic exercise, but as far as the known stateeafniverse is concerned we can say that theefor
field" in the interior conforms to Figure 11b aloriéhis is, therefore, just the same thing as sathiay
magnetic poles do not exist even as pairs, orlif&t= 0 holds not only on a macroscopic scale but on
the microscopic scale too. As far as we now kndwerd is no element of space small enough to be

able to isolate a single pole from a dipole pairwen to detect an imbalance in pole density.
6.3 Symmetry of Maxwell's Equations and Choice of U  nits

A number of writers have commented on the form ymreetry of Maxwell's equations under
different systems of units, particularly regarditige appearance or non-appearance of particular
constants, primarily#andc[22, p. 618; 62]. The fact that both and /4, appear in the free-space or
microscopic equations, Equations (22) or (23), moidin the macroscopic equations, Equations (20),
however, should not be regarded as signifying aanyiqular advantage or disadvantage either way.
However things may be arranged, two independergtaats are inevitably required so that we may
relate both the electrical quantities to the imérind the magnetic ones to the electric. Here the
situation, in Sl at least, is that with the micragic forms the constants appear in Maxwell's equnati
while with the macroscopic form they appear in¢bastitutive relations, as in Equation (6) abowe. |
general, however, we may choose where the consbaots and set the scale of measuremert of

andB by their magnitude, but no more.

Today, Gaussian units and Sl are the main conteraigoss the scientific and engineering world. The
preferred Sl system [63; 64], in which hagis given as #x10"NA? and & = 1/¢, is at least
consistent over all physical quantities, not juscgomagnetic, and is defined consistently wita th
modern view of magnetism. The derived electromagnetits in Sl are laid down by the International
Electrotechnical Commission, IEC [33], and the paenbodied in the earlier MKS system have been

quietly dropped.

As to the Gaussian system, this is still to be &bimISO 31-5:1992 [65]. However, its definitions
vary from those given in IEC60050 and in particuldrile the definition ofH through its curl does
avoid poles, it seems of little practical use. Aghte convenience of using these units, it is heays
helpful to have the termB and H being dimensionally the same (irrespective of g)nifor the
temptation to interchange them casually is too ¢adwll into. It is also a definite inconveniente

have to mentally adapt equations and units whemggoom one published work to another.

Even though the use of systems of units other 8laa now deprecated, it would still be valuable to
retain formal definitions of Gaussian units thad apnsistent with Sl. In this way it could be made
clear that all the definitions have been unifiedpli€it mention of magnetic poles being no longer
valid would be also helpful in the short term. @iyia conversion factor, as for example in IEEE
Std270-2006 [66] where the gauss is given a$T14nd the oersted as 250Am™, is helpful, but it

would be even more so if we were reminded thatetteee to be taken as measures relating to the
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moderndefinitions of the magnetic field quantities, asthie Sl system, as opposed to the old forms.
The stance of the IEC appears to be somewhat eliffeiThe terms oersted and gauss are not to he

found in IEC 60050 and so it can offer no guidamseto their usage and meaning. This i 52

understandable as far as preserving the intedfitiyenSI| system is concerned, but it leaves no @fay
finding a valid definition of those other terms amdits that we still frequently have to deal with.
There is, however, no shortage of definitions tdduend and the old versions seem to turn up just as

often as the new.
6.4 Choice of Field Variables

Maxwell’'s equations in the form of the free-spaoe anicroscopic equations, Equations (22-24), are
stripped to the bare essentials, leaving no amiiéguas to the roles of the field quantities, arakimg

it absolutely clear that the fields themselvesiodte entirely from the static and dynamic effeuits
spatial charge distributions. While we accept ttedé must be taken to include intrinsic magnetic
effects,i.e. those arising from electronic orbital angular nemtum and particle spin as opposed to

observable current, their notional representatioieims of a microscopic current is not affected.

In terms of practical application to situationsluating real matter, the auxiliary field3 andH,
preferably in the form of Equations (6) above, masignificant role in facilitating a model. Morezy
theyobey complementary boundary condition€EtandB, wheread andM obey none in particular.
It is strange to consider in retrospect that, Hedtheory originally developed from the proper free
space form of Maxwell’s equations, Equations (2)a starting point, and th&andH had been
introduced for just the purpose of describing niattee resulting fieldd would still turn out to be the
same as the field that was originally introducethasforce field based on a magnetic pole desoripti
On the other hand it wd that was originally introduced as an auxilianjidien order to facilitate the
description of induced magnetization! Serendipittius may be, but nevertheless a historical actiden
that has led to a longstanding source of confusighile the major textbooks are correct in their
reference to the respective roleBodndH, few have done much to improve the basic undedsign

either taking it as axiomatic or convention or iegvany explanations to a bare comment or footnote.
6.5 The Concept of Free and Bound Quantities

There is more significance to terms free and babad at first meets the eye. At the simplest level,
the term ‘free’ applies to isolated charges thatcae cause to flow under the influence of an imgose
electric field , if free to move, while the termoind’ simply means all other charges which, being
within a medium are not free in this sense butclimhay nevertheless be displaced to some degree. In
the same sense, magnetic dipoles are almost alb@ysd, as there is no magnetic equivalent of

conduction.

Obvious as this may seem, the true significancéed’ and ‘bound’ to electromagnetic theory isttha
free charges and currents are sources that we eaiputatedirectly, while the bound charges and
magnetic dipoles are affected ongirectly as a result of this manipulation. For exampleyéfloop

several elastic bands end to end so as to fornam,clve can exert a stretching force on the whole
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chain by gripping each of the two end bands antingulAll the intermediate bands stretch or relax i

response to the movement of the outer two. In #@nse, the two end bands are free (to be
manipulated) while all the others are bound (toheather). Given the force constants of all of the
bands, we can work out the elongation of each beord the stretch applied to the two end-points
because we know that the same force must applad band along the length of the chain. We can
therefore eliminate the intermediate bands simplyebaluating an average force constant for the

whole chain from the sum of all the individual de&gements divided by the applied force.

The free quantities therefore move directly under influence of applied forces, whereas the bound
gquantities move only so as to remain in equilibridrhe part played by the bound quantities is that
they affect the net force seen by the free ones,imrder to solve specific problems, we generally
need to eliminate the bound quantities from theaéqos through supporting equations such as the
constitutive relations and = gE in the case of conduction. Note, therefore, thatneconduction
charges, even though free to move, can be condideyebound’ in this sense. We have therefore
labeled them separately asnq SO as to avoid any confusion. This distinctionngein free and bound
quantities is therefore the main motivation for M&X’s equations being written in terms Bf E, H,

D, oree andJsee as in either Equations (20) or (27) above.

Care must be taken, however, because this doamedn to say that problems can be readily solved
with reference to the free quantities alone. Fanaxe, if a point chargg.. in free space is placed at
a given distance from the plane surface of a safmHe dielectric body, what is the resulting dlec
field? This is determined not only by the singleefrchargegyee but by the bound surface charge
densityagyoungthat is induced on the dielectric’s surface. Wiencd simply use the equatifiD = Oy

on its own, which clearly would have trivial resulSolutions must still be found be found for bBth
andE, and this is achieved by applying Maxwell’'s eqoiasi in each region separately, while uniting
these by bringing in the boundary conditions giirefzquations (9) above. The issue here is that the
boundary conditions form an essential part of thppsrting equations. Jackson [22, pp. 111-113]
solves this problem by the method of images, withbe aid of which the task would be far from
trivial. This is a particular example of technidueing an expedient to solving the problem rathanth
an aid to understanding the true nature of thelpnolitself. That is not to say that we do not ear
from solving problems, but it is a bad thing to $ess more by the way of technique rather than

understanding.
6.6 Terminology and Definitions

Following the discussion of Section 2.5 above, nging the fields more appropriately would do much

to clarify their respective roles [9, pp. 241-24Phe problem is that while the original names appea
in various forms and some are misleading to varegrees, they have been in use for a very long
time.. In fact it is now quite common to refer ke tmore or less universal symb8IsD, E, H, M and

P or terms such as B-field or H-field in place of fbemal field names simply as a means of avoiding

such problems, and this article is no exception.
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With polarization and magnetization there are rad igsues, the main problem lies with the magnetic
field. Magnetic flux density is the Sl preferrednefor B, but this seems a little distant from its direct
role in magnetic force. The term magnetic inducti@widespread but has the same drawback. A~

previously discussed, the problem with a namerilegnetic force field is that in this case the fasce

of a different vector character to the field anddes not even point in the same direction. It ddnd
renamed simply athe magnetic field, which is now fairly common usage éitherB or H, but it isB
alone that truly deserves the name. Even the |HQitien [33, IEV 121-11-19] acknowledges the
common use of the name magnetic field. Unfortugatlke IEC definition of magnetic field [33,
IEV 121-11-69] includesH together with..B”. Although this seems logical enough as thingsdta
this arises only because we are presently studk twiv fields appearing on a par with each other. It
means that we cannot associate the term magnelicwith just one variable, as would be not only
preferable but logical. Now when we wish to do samwust specify one or other of the IEC preferred
terms, magnetic field strength [33, IEV 121-11-88]magnetic flux density [33, IEV 121-11-19],
and it is this very choice that brings about tHéalilties of which term should be used. It is thiere
also doubly unfortunate in thBtis givensecond placéo H in the definition of magnetic field, nor is

it the one that bears ‘field’ within its name.

Since the role o can be considered auxiliary, a description alrassbd by some authors [39, p. 18;
42] it could be renamed as auxiliary magnetic fielsl suggested through Section 2.9. The advantage
with B named the magnetic field aktlas the auxiliary magnetic field is that there bamo doubt as

to the roles and no need for yet another sepagate to describe them both together as the magnetic
field. As to other possible names fdr the problem with the term macroscopic field iattih has often
been used to refer to any field within matter syripl distinguish it from the same field in free spa

and it would also be useful to be able to reféhtoelectric field quantities in like terms.

In keeping with the names for the magnetic quawjit would simply be referred to as the electric
field, as is now common, whilB would be referred to as the auxiliary electriddierhere is some
ambiguity associated with the term displacement, éoample Beneson, Harrit al refer to the
separate concept of displacement flux [7, pp. 484}4n the IEC nomenclature [33, IEV 121-11-40],
displacement is secondary to the preferred teretreddlux density, but the latter seems to hawssle

currency.

As to the definitions themselves, as opposed tontimaes, the IEC International Electrotechnical
Vocabulary, IEV, [33] appears to offer the bestrseuin terms of completeness and consistency.
There is no difficulty with the definition of eitheB or M, so thatH is best defined through
H=B/u-M [33, IEV 121-11-26]. In this way the concept of g®lare avoided altogether, as is the
notion of “ability to produce magnetic inductiom®s to D, the physical definition for displacement is
now somewhat obscure (although it is in fact giv®nBeneson, Harrigt al [7, pp. 453]) and

displacement is now readily defined simplyy &E+P [33, IEV 121-11-40] (although not by either

16 Magnetic induction does not appear in the indekiamgiven only within of the definition of magnefiux

density as an alternative name.
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ISO 31-5 or IEEE Std270 which both uséd = p). While IEEE Std270 and ISO 31-5 are generally
consistent with IEC 60050, there are some othderdificese.g in the definition ofH. While IEEE
Std270 does uskH =B /- M, no separate definition for Magnetization is pdad. On the other
hand 1SO 31-5 uses a different definition basedJsil. There is therefore a lack of harmony and
consistency between the various versions of thetrel@agnetic standards in some of the most crucial

areas.

The existing names for the field quantities are ramized in Table 4 below together with suggested
preferable forms. If these or similar names wermpset,bothB andE would be clearly recognizable
as the primary fields witlb and H being clearly secondary in nature, and so ovefrfaalt such
electromagnetic field quantities it is only a matéstinguishing which is electric and magneticd an
which is auxiliary rather than primary. Unlike clgms in the definition of units as suggested in
Section 6.3 above, however, such changes woulteetsy to bring about. It would inevitably be the
subject of much debate — which would in turn leadthhe proposal of more names or even
combinations of old and new. But the problem doasteand so it would be better tackled sooner
rather than later. At the moment it seems the aalyes that can be reliably agreed on are the §ctual
the bare symbol8, D, E, H, M and P andso a complete break with past connotations is still

something only to be hoped for!
6.7 Lorentz Force

If matter did include an intrinsic magnetic dipdl&t was not ultimately equivalent to a circulating
current, the only description that would be avdédaior this would be that of an inseparable pair of
magnetic monopoles. If this were indeed the cdsm the picture of a permanent magnet's ‘force
field” would need to be as iRigure 11a. Since Figure 11b would still apphatoelectromagnet, the

Lorentz force might then take a form such as

F= q(E +vx (:uOH mag +B cur)) (37)

This echoes Kitaigordsky’s approach, Section 2.ficlwv appears to be in line with the historical

development of the subject according to whicks for currents whiléd is for magnets. As shown in

the 11a, the ‘force field’ within a magnet wouladeto be antiparallel to that which emanates froen 54

pole faces. As we have stressed, this is entirilgrdnt from the situation in which the elementary
dipoles are equivalent to a circulating current rghthe macroscopic ‘force field’ within the magiset
as shown in Figure 11b with the ‘force field’ beingntinuous from the inside of the magnet out

through the end faces.

But if we do accept that the Equation (3) for tlerdntz force is entirely correct in all situatiotisen
this is consistent only with the ‘force field’ ohw sort of magnet being as shown in Figure 11b. All
known magnets, therefore, must be equivalent tocalating current (even for those originating from
elementary particle spin which we cannot actuadigalibe by a classical specific circulating curyent

Only circulating microscopic currents can sum toduce such a macroscopic picture. 55

© IEEE 2008, Antennas and Propagation Magazine, Volume 50, No 1, February 2008



Table 4. Summary of electromagnetic field names inuse with proposed replacements. 54
The existing names in bold are the current IEC nomeclature in which, problematically,
magnetic polarization has a separate definition frmm magnetization. It refers to oM as opposed

to M, a subtlety that offers up yet another potentil ambiguity.

Field Existing Names Proposed Names

Electric Field Strength Electric
E Field Electric Field
Electric Field Intensity

Electric Polarization
P Polarization Electric Polarization

Dielectric Polarization

Electric Flux Density
Displacement

D Electric Displacement Auxiliary Electric Field
Dielectric Displacement
[24, p4.6; 76]

Magnetic Flux Density Magnetic o
B _ Magnetic Field
Induction

Magnetic Field Strength
H Magnetic Field Auxiliary Magnetic Field
Magnetic Intensity

Magnetization Magnetization

Magnetic Polarization

54

Finally, since the Lorentz force is entirely coteig with the theory of special relativity as apdlito
the electric field, there can be no remaining ddbbt the ternB therein really does medh in all

contexts.
6.8 Energy Density

In the literature, the energy density of an elaotignetic field is often expressed in different ferm

either the free-space version, Equation (38a) bgGx¥y 45, pp. 70 and 241], the macroscopic form
such as (38b) which applies only to linear med, [&. 189 and 205] (almost always applicable to
dielectric, diamagnetic and paramagnetic media,nmtitferromagnets), and the general form (38c)

which can be integrated in principle to find thergy density in any medium [15, p. 8]

E= 1esOEZ A (38a)
2 2y
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e=1pE+ipm (38b)
2 2

d€ =E[dD+H [dB (38¢)

The energy density free space is unambiguouslyngbxe Equation (38a). Equation (38b) is a fairly
clear extension of Equation (38a) which requirespadicular interpretation. However in Equation
(38c) things are not so obvious because in thetrelecontribution the differential applies to the
auxiliary field, whereas in the magnetic contribution it liggpto theprimary field. We understand
that for the electric fieldg is the force field and that the work is done by thovement of charge as
represented withilD. With the magnetic field, however, if we believ&tB is responsible for the
force whileH embodies the movement of magnetic dipoles beifegtad by that force, why do we
not haveB/AdH rather tharH[dB ? HIdB is what we would expect from a polar theory of metgm,

and so surely it should be the other way rounthénnbhodern theory. But this is not the case.

If we do work in the process of changing an eledigld, we do so by moving free charges about. As
discussed in Section 6.5 above, bound chargesadraceessible to be moved directly and they are
moved only as a consequence of moving the freegebarsince this changes the electric field
throughout the system. The bound charges are affdéotplicitly since not only do they follow the
changes in the field, they contribute to them immtiProvided we make any change sufficiently slowly
however, all the bound charges will remain in dqtiilim throughout the change process and the work
done in their movement is therefore zero. The weekdo in moving the free charge, however, must
still equate to the resulting change in energyestoin the entire system. There is therefore a
considerable difference between the concept ofggnaensity in free space and within a macroscopic
medium. Let us look at Figure 10 in the entirekysti context of a parallel plate capacitor filledhwi
some dielectric material. In 10a, if the chargesitgrno on the parallel plate capacitor is made up of
free and bound charge densitiesand ¢, respectively, the electric field between plateéds o)/ &
and so the work done per unit area in moving a tifyeof free chargeds: from one plate to the other
is (o -ap) &MBo; . If the bound charge is zero, this integrategive the electric part of Equation (38a),
otherwise it gives the electric part of EquatioB8dq since we can identifys with D, ¢, with P and

(5 - av)l & with E.

As to magnetic energy, there are no free poles e@emabout and all magnetic dipoles can be
considered as being bound. The nature of the Loffente itself is that no work is done on a moving
charge that is undergoing a force of the fwxB, as such a force has no component in the direofion
motion. A change in magnetic energy, however, lsanbrought about through Faraday’s law of
induction as a result of a change in current. Giarshow Figure 10b and let us allow the possibdity
the dielectric being magnetic. The current dengftyin the top plate crosses the magnetic fi@d,
perpendicularly. A change purely in the magnitutiéhe current density will change the field, which

in turn will generate an electric field through Faraday’s law of induction. This field Miénd to

oppose the change in current and so will be inxtdeection, while—(?)—lt3 must be in the/-direction.
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ConsequentIyDXEz—%—?reduces tgi:-%. We need only be concerned wity within the

0z
plate itself because the apparent current demGity exists only there. Furthermore, Bsvanishes
. . 0-E, dB
entirely outside the plate then so migtWe must therefore have? adey at the plate, where

&z is the ‘thickness’ of the current sheet. In otherdskE, = 52%. The bulk current densityee ,

however, is simplK ¢ /0z. We then have the rate of doing work, per unitine, given by

d_W J free (E
dt
_ Kfree
e (39)
_ Kfree dB
& dt

= dW =K. dB

Bearing in mindthat the magnetic fiel® itself is due to the total current including anwagnetic
current, for our configuration we have in the steathteB = 14(Ksee + Kmag, Which can be seen to be
the equivalent oB = ((H + M). When the medium between the plates is non-magmet have

Kmag= 0 and the resullW= Ky.dB may be integrated using the relatiBrn= oKyee to oObtain a 55

magnetic energy density= Zi B?, which establishes the second term of Equation)(38
0

Otherwise, sinceKgqee equalsH, we have the more general fouwW=HMAB when the medium is
magnetic. This is consistent with the magnetic mdrthe energy density differential being as in
Equation (38c). The energy change arises out ofimgathe free current against an electric field that
originates from a changdB in the magnetic fieldConsequentiyt has nothing at all to do with any
movement of currents or magnetic dipoles agaimagnetic forceThe magnetism in a medium only
comes into play indirectly through the magnitudehaf electric force that is produced by, and imtur

resists, a given change in current.

While for the electrostatic energgdD may represent electric fiekd(charge density dz), H4AB

effectively represents (charge densityelocity) x (electric fieldx dt). For the electrostatic part we
are moving free charge against an electric field iategrating alonghe pathof the charge. For the
magnetic part, current is moving against an indweedtric field and we are integrating ovhe time

during which the field changes. Given that electrostatiergy is a form of potential energy, the
comparison has been drawn between magnetostatigyeaed kinetic energy [23, p. 230; 3, Vol. 2,
pp. 197-198 and 271-276]. If the mechanical anadogaf Equation (38a) is taken as

& —%kxz +%mv2, then Equation (38c) becoméf ..n= FAx+v@dp whereF is force,x is

mech —
distancey is velocity andp is momentum. If the magnetostatic energy werecatsm with poles in
the same way that electrostatic energy is assdciatth charges, both would constitute forms of
potential energy and integrating to find the wodne would be along the spatial path in both cases.

We know that this is not the case, but it does teaaltempting but fallacious interpretation-ofiB as
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being magnetic fielek (pole densityx dz), analogous with electric fiekl (charge density d2) as in
the case oEMAD. The major difficulty with this analogy is, of coasthe identification oH with a
force field similar toE. In addition, it would imply that the electromagjoeenergy density was
entirely in the form of potential energy ratherrthaotential energy plus kinetic energyhich is of
course necessary for any wave equation to eXiptiation (38c), therefore, is to be treated wite. It

implies no such analogy or pairing betwé&eandH or with D andB.
6.9 Poynting Vector and Momentum Density Vector

The Poynting vector, defined I8/= ExH is generally accepted as defining a flow of eteuimgnetic

energy density [44, pp. 321-322; 9, pp. 131-135;#2189-190] on the assumption that Equation
(38c) holds good for time-dependent fields. Ondtieer handp = £EXB has been interpreted as an
electromagnetic momentum density as discusseddtioBe3.1 above. Note that the Poynting vector is
normally taken to apply to the energy flow in wavesile the electromagnetic momentum density

can also be considered to be associated with maviagges even when they do not radiate.

In free space we hav®=ExB/1, and so there is ample scope for confusion. TheoreavhyH
appears in the one form aBdin the other is hard to argue in fundamental termssbothS andp are
mathematical constructs based on Maxwell's equatidm the derivation of the Poynting vector,
however Jqe [l is taken to be the rate of doing work in the mogatrof chargeFor the momentum
density vector, however, the Lorentz force, is taks the rate of change of mechanical momentum.
Written in the formF = pE+ JxB, p and J are thetotal charge and current respectively, involving all
bound and magnetic quantities. This certainly gavetue as to whid appears its while B appears in

p, but it is hardly an intuitive matter. Not all isss regarding the correct usetbfandB are therefore
easily resolved and, as with the Lorentz forcee caust be taken to use the correct definition and t
avoid confusing the issue with convenient altexgatorms because we simply prefer to tseather

thanB, orvice versain various circumstances.

6.10 B-H Loop

The B-H loop, as it is called, is a typical methafdneasuring the basic magnetic characteristics of
ferromagnetic materials [22, pp. 153-154; 9, pb-126; 45, pp. 282-283]. A coil of wire is wound
around a toroidal sample of the material understigation. A low frequency AC current is applied to

the coil and the voltage induced across the caorleasured.

Given all that has been said, it seems perplexiag in this measurement we vafy the auxiliary
field, while measuring the resulting valueRfthe primary field, rather than the other way achun
the electric counterpart, where we would appiyto a dielectric-filled capacitor and measure the
resulting fieldD in terms of the amount of free charge displacesl,can generaté by applying an
AC voltage and infeD from measuring the current that flows, and so why we not measurd
versusB in a similar manner? The temptation is of coucsassume thd®, being the actual magnetic

field, should be the independent variable, butkenthe electric counterpart, in order to generaée t
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field we must start with a current. While the catrdoes produce a magnetic fiddgd we cannot say
directly what the resulting magnitude Bfis, as it depends not only on the applied curbemton the
induced and permanéhtmagnetic currents as well. We can, however, iffedirectly from the
integral form of Maxwell’'s fourth equation becausdependonly on the free current in the c@ihd
the given geometry. On the other hand, from Maxe/sttcond equation we can meadBrdirectly in
terms of the back EMF generated as a result otllamging magnetic field. In effect, we can readily
measureB versusH, but not so the other way around, just as we cawcan readily measuf2 versus

E, but not so easily the other way arousiiply because we are applying and measuring vedtag
and currentsIf we apply a voltage we valify directly, and if we apply a current we vatlydirectly.
The use oE andH as the ‘variables’ is therefore unrelated as t@kvis the principal field and which

is the auxiliary one.

Within a typical B-H loop, however, we can see ttte¢ material magnetically saturates when the
value of the applied field{, is high enough. Herd3 ceases to increase rapidly with increadihg
While it is difficult to separate cause from effécta linear medium wher® andH or D andE are

simply proportional, the saturation Bfseems to suggest thdtrepresents the driving force aBdhe 56

resulting state of the material. What we really méathatH represents the cause addhe effect.
Inside the sample, the magnetic field that is gctoproduce a torque on the magnetic dipoledlis st
none other tham, the only difference being that the valueBxfdepends not only on the applied

current but on the internal state of the matesadetermined by the magnetizatign

In the case of the dielectric example, the appéikgttric field depends on the applied voltage and
given geometry. The sample will change its intestate, or polarizatio®, as a result of the free
charge arriving on the capacitor plates, but indteady state the free charge and polarization must
come to an equilibrium such that that the resul&lattric field within the capacitor is equal and
opposite to the applied field, which we can of eeumeasure directly from the voltage and given
geometry. The situations are not dissimilar, thatimiition lies in the variables that we can control
directly and indirectly, as per the discussionsfrek and bound quantities and energy density in

Sections 6.5 and 6.8 above.

To conclude, it is worth noting that in the casdhs capacitor, it is possible to reverse the 8iina
and directly control the free charge, and therefdrdy applying a known current for a given time,
while measuring the resultai through the voltage between the capacitor pledasilarly, it is
possible with the B-H loop to apply a voltage puls¢he coil and measure the resulting currentsso a
to vary B while measuringH, but there is the considerable practical diffiguthat as the available
change in magnetization decreases, the currentntecwery large! We point this out, however,
simply to emphasize that there is an arbitrariregssut which variable is independent or dependent
and that the conceptual association of the indeg@neariable with the force field is somewhat of a

red herring.

7 |n this situation the permanent magnetisatiorifitaay be varying, but it nevertheless ‘permaneati be

taken to mean ‘still present when all free and getlicurrent is set to zero'.
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6.11 Flux and Lines of Force

From the earliest lessons in the science of et@gtrand magnetism, lines of force are introduaed i
order to make the unfamiliar notion of a field eadb grasp. Indeed, the concept arose in the early
history of this science as a means of describimgesioing, like the wind, that was known to exist and
the effects of which could be measured, but whiohld not be seen. This was later given a more
rigorous footing by defining the number of linesfofce that emanate from a unit charge or pole, 4
to be precise [13, p.40]. The original idea forieaging the field is still valid, but there is pedily no
continuing need to have a rigorous defined relatign between the number of lines and the actual
field strength, which, after all, is really quitebdrary. A problem arises, however, if it is tatighat
lines of force emanate from a point. This may e tior an electric field, but it should not be #or
magnetic one, in spite of the fact that the easigst to demonstrate the idea is to dust iron fding
over a surface such as a piece of stiff board undhéch is held a bar magnet. The next step in this
analogy between the alignment of the filings anal fibld is to deduce that the magnet has ‘poles’.
These poles, which correspond to the convergentteedines at the ends of the magnet, do not exist
as we would realize if we used a hollow solenotieathan a permanent magnet. In fact, if we wound
a large enough cylindrical solenditfoughthe board, with the axis of the solenoid lyinghe plane

of the board, the trick with the iron filings woutdveal no poles. The apparent lines of force would
enter into the ‘magnet’ at one end and pass owutr the other without converging on any such

poles.

In the iron filing experiment, each filing acts as induced dipole, the nature of which is like a
miniature compass needle. As in Section 2.9.3 gbeeecan still identify the magnetic ‘force field’
with the alignment of a test dipole, rather thathwhe supposed path of a free pole. It is perhaps
unfortunate that the term pole is the root of th@dwdipole, but the term dipole is universal, eiren
electric and radio terminology. At least with dips] however, we can keep the same visual picture
while giving it a basis that is free from the copicef individual poles. Beyond their value as visua
aid to understanding, lines of force are of cowseseful form of graphical representatieng. of
fundamental modes. Even so, for computer modelinfiells the generation of lines of force is far
from trivial. It is usually easier to generate atee plot, however, which simply indicates the sgth

and direction of the field over a grid of pointsisially, the results are similar. Given this and a
variety of other ways of representing fieldsy.by introducing colors and contours, it is doubtfut
there is a continuing need for lines of force agyarous and quantitative, rather than a qualiggtiv

concept.

Flux is a concept similar to lines of force, butéhds to be introduced at a more advanced stage.
Using the visual analogy of a density of lines, tluenber of lines that pass through a given aréaeis
flux that it encloses. As the word suggests, flapidts a flow which, integrated over an area gthes
total flow through it. And so the lines used toudize a flux density are different from lines ofde,
rather they are lines of flow. Making an analogthwiuid dynamics, lines of force would correspond

to the pressure causing the flow, while the flursiy would correspond to the rate of flow.
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Historically, the fieldsD andB have been associated with the electric and magflei densities
respectively. The concept bBfas a flux is at least consistent Maxwell’s fougtfuation where its time
derivative appears along with the current density, which represents a real flblae integral of the
flux over a closed surface yields the free chargdased within in the case bDMA, wheread BA
must be zero. While reference lbas a flux density is now little used, despite dfiicial SI term
electric flux density, foB flux density is still very much part of the preseay terminology.Flux in

the electromagnetic context is generally taken éammagnetic flux unless stated otherwise, and both
the term itself and the concept endure as a re$utarday’s law of induction. But there is no real
flow, as there is with, say] the current density. Maxwell felt th& was associated with a kind of
momentum [23, p. 230; 3, vol. 2, pp. 197-198 and3fi-276], which is consistent with the concept
of a flow. Moreover, in terms of energy density,iethwe discussed in Section 6.8 above, force times
flow is the rate of doing work. Given Equation (3&t the formdwW =E[dD + HIdB , if E andH are
force fields then this is consistent withandB being fluxes. But iH is not truly a force field we now
have difficulties withH andB in this context. Besides, witB it could be argued that any flow or
‘momentum’ involved is more really associated wille current giving rise to the magnetic field
rather than the field itself. For example, in tHadkein de Haas experiment it has been demonstrated
that angular momentum is transferred from the mgateon to the sample itself when its

magnetization is reversed [14, p.167].

Putting aside for a moment the issues concernirgftveinH can be considered to be a force field and

turning back to Maxwell's equations, Equations 28j; as they would be in a pole description taking

E andH as the basis fields, then in the third equatideren Y :Z—I\f arises along with the time 57

derivative ofH. We have said that may be thought of as a magnetic current densitpvwaof bound
poles, in the same way that,,q :%—Tis a flow of bound charge. In associatBgvith a flux, then,

we are making a similar link betweBnandY as holds betweeh andJ.

In truth, in considerindd as a force field an® as a flux, we are simply making an analogy on an
operational basis rather than on a physical one.tifhe derivatives ob andB appear in Maxwell's
equations together with the curlsiéfandE respectively. In their integral form, these equagi then
relate the integral dfl (or E) around a given loop with the integral@f(or B) over the area enclosed
within the loop, which is taken to be the flux. WIEE andD the notion of force field and flux is
admissible, whereas with andB it is based on their roles within the equations@eimilar to those

of E andD (unless, of course, we are willing to accept pales reality). This situation is similar to
Lagrangian mechanics where generalized coordinagdscities and forces are employed. Within the
Lagrangian formulation these quantities have atogoas role to their physical counterparts, but in

general the analogy is mathematical rather thasipaly

The Sl term magnetic flux density and its unit Whemphasize the notion of a flux. Tesla is the

preferred form for Wb/mand does not, of itself at least, imply a flux.Mytaf us may find it helpful
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to remember the dimensions Bfthroughelectric field / velocitys [Vm™])/[ms™] = Vsm? rather than

by flux/areaas this altogether avoids the issue of flux bgitired directly to the Lorentz force.
6.12 The Local Field

So far in this article we have deliberately trea#dnedia in the classical view, as continuumsoitgyv

of any structure on a molecular scale. Having assuthe simplest of frameworks, the conclusions
that were reached must be independent of specifimatopic detail and are therefore quite geneyal a
a phenomenological treatment. But in order to m#ke step from the dielectric or magnetic
susceptibility of individual molecules to the masropic ‘continuum’ picture, however, a
complication arises, as discussed in Section 2di¥&a The field at an individual molecule is not
equal to the background field that pervades theiumedreated as a continuum, for we must discount
the molecule itself in order to establish this. B@lectric materials, this is the basis of thedrr-
Lorenz treatment [14, pp. 89-95; 15, pp. 100-1(84};dp. 150-158; 49, pp. 137-139; 22, pp. 116-119]
in which the molecule under consideration is emyashato be in a small cavity, generally spherical,
within the medium. If we consider only the dielécicase, as the magnetic case would seem to be
mathematically quite analogous, the figlgl seen by the single molecule is equivalent to the ef

four components. Following Kittel [14, pp 89-95¢He are:
* E,, the external field applied to the body (as deatifrem some distant free charge distribution)

e E,, the depolarization field, due to the bound chargkiced on the outside surface of the body.

This is a function of the shape of the body.
* E,, the Lorentz field, due to the induced bound caagen on the surface of the internal cavity

e E;, the field due to the surrounding molecules thatewmsunded by the cavity, before they were

taken away

Note that all these four fields are generally dfedent magnitudes so that the local field is défe
from both the applied field and the prevailing diedn the interior of the body. While at first there
would seem to be some arbitrariness about the olgize and shape of the selected cavity, for media
that are effectively isotropic a sphere is appmdpriFinally, if the molecules within the cavityeaat
least cubic symmetry, their contribution sums tooz&he method due to Ewald and Oseen [15,
pp. 84-87 and pp. 100-104] provides a rigorousvdéon of the local field, while in a crystalline
structure the local field may be calculated dinedtbm a lattice sum of the dipole fields [14, pp.
122-123 and 350-351] over all the molecules inlibdy except for the one in question, so that the
ploy of using a cavity introduced by Lorentz notuatly essential to the result.

The key point, however, is that the selected mdéewithin either the lattice or cavity is now being
treated as if it weren free space rather than the medium itsaff all the contributions to its local field
have been resolved in terms of fields due all ohaligtributions,gree and ghoung. IN Other words, we

are now back in thenicroscopicpicture.

This situation, where we resolve the local figldzacug must not be confused with the macroscopic

fields within dielectric and magnetic media thavé&deen defined so that we can deal with them
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without explicit reference to magnetic currentsbound charges, but in terms of dielectric constant
and magnetic permeability. The macroscopic fields given by the sum of the applied field and

depolarization field aloné.e. in the electric casE = Eq+E;.

For the local field in the magnetic case we maythuough the same analysis as above but kith
HotH+HtH3replacing the corresponding termsErfor the contributions to the field. In employing
H rather tharB in this process we are simply following the math&oal analogy betwee andH

for the sake of expediency, and this does not sgotea momentary lapse in philosophy. Surprisingly,
while there are references to the local electaldfthroughout the literature, the local magnagtdfis
rarely mentioned in a similar context. In fact,discussed in Section 2.1 above, when the torquee on
magnetic dipole is quoted in the literature, a meignificant issue is whether the field involved is
eitherB or H! Surely this lack of clarity compared with theeliture on molecular and macroscopic

dielectric polarizabilities would throw up someareous results? Let us therefore enquire further.

Almost all problems in magnetic materials whichalwe the molecular scale.g. NMR and ESR,
deal with either very weak or very strong magnetidmthe case of diamagnetic and paramagnetic
materials, the magnitude of the magnetic suscéipfiis of the order of 18 or less, so that the local
field generally represents a fairly trivial coriiect to the macroscopic field. On the other hand, in
ferromagnetic and ferrimagnetic materials where drdividual magnetic moments interact strongly
with their neighbors and tend to behave as a higlalyelated ensemble. Any applied field can
therefore be considered as actingmn the average magnetic moment of the ensemblevasoke,
rather than on eaah; separately. Kittel [68, 69] and Collin [70], who @gause to remark on the local

field, argue that the Lorentz field correction, dggiproportional toM, will produce no net torque 58

onm, since any term of the forrm xM simply vanishes given thah is clearly proportional td1.
Unlike typical dielectric cases where the Lorenigddf and the depolarization field are of similar
magnitudes, in highly magnetic materials the depmd#on field aloneis therefore the most

significant factor in relating the applied fieldttee effective internal field.

Particularly frequent throughout the literature gmin resonance and its applications, the use of
HomxH or mxH rather thaimxB for the torque on a magnetic dipole may be unhélpf misleading.
Such casual usage, however, generally succeathiaving the required result because it turns out
that it does not matter whether we @ser H, since these are different only by the tggi which, as

in the case of the Lorentz field, can produce nbcoatribution to the torquem xB, as discussed

further in Appendix 2.1 below

Before leaving this issue, however, to demonstthtd we are not just dealing with a point of
semantics, consider what happens when we subsgitufer B in the torquenxB. We getumxH for

the torque, contrary to the valpgmxH that we have just reasoned. The problem is, ofsepuhatH
andB are not always parallel even in an isotropic medili they were, theid andM would also be
parallel, resulting in no net torque at all on thagnetic moment. In spin resonance, the applied RF
field is orthogonal to the static magnetizationjlevithe magnetic moment takes on a time dependent

variation that is orthogonal to the applied stdiedd and resulting magnetization. Both of these
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pairings, being orthogonal, do contribute to thejtie that drives the interaction between field and

magnetic moment.
6.13 Cavity Definitions of B and H

Lord Kelvin proposed definitions of the macroscofiedds based on the fields that would exist in a
small ellipsoidal cavity excised from the mediund,[#p. 137-139; 9, pp. 213-214]. This is shown in
Figure 12 for the case of the magnetic field. lie case the ellipsoid is taken as a flat disk, tireom
axis being parallel to the field, and in the otbase a long needle shape, with the major axislphbral
the field. In the case of the needle-like caviEyandH within the cavity are the same as within the
medium, while in the case of the disc-like cavilyandB are the same in the cavity as in the medium.
In trying to identify the force that would act onn@oving charge within a continuous medium, we
cannot make use of any such cavity, since with/o, F =quxBgy andF = qux tHq,, are equally
valid therein. By choosing the shape of the cawigyare only makind.,, (or equally wellzoHcq)

equal toBy, Bint, toHin, Or indeed anything in between.

In truth, these ‘definitions’ are restatementshaf wvell known field boundary conditions summarized
in Equations (9) above. While these notions distisly between the fields, they no more define them
than do the boundary conditions. It gives us nalgoce as to the meaning of the fields or to their
roles in respect of electromagnetic force. The lgmb therefore, is the notion that these ‘defimitio

might be of some help in sorting out the fieldsevdas in reality, they are not definitions at all.
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Figure 12 : Cavity ‘definitions’ of the magnetic feld within a magnetic sphere placed in a
uniform background field By, in vacuo. In (a) we have lines depicting B which are contiious.
An ellipsoidal cavity within the sphere contains dield, By, Which strongly depends on its shape.
For a spherical cavity, the field will equal the bakground field By, while for a thin disc as shown
it will be the same as B; within the magnetic material. In (b) the lines nowdepict H. Outside the
sphere, H is indistinguishable from B/, but within H;,, is much reduced in magnitude. The field
lines of H cannot be continuous across the surfacef the sphere when the density of lines
represents its magnitude. For the needle-like cayitshown, H,, equals H,, , but this varies with

cavity shape exactly as for B, , given that B, = £tioH cay -
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7 Conclusions

Maxwell's equations have been the basis for thecrif®on and analysis of all electromagnetic

: : - . 59
phenomena to date. Provided they are treated ondemm footing, they afford a description that i<

fundamentally correct despite their phenomenoldganad macroscopic origins. They do not of
themselves, however, rule out the existence of etigmoles, rather they provide a basis for
magnetism that does not require them. Poles magdheded, but they are ruled out on the basis that
they do not give a correct description for the nsgnforce and that special relativity togetherhwit

Coulomb’s law fully accounts for magnetism withdugm.

Much of the confusion that arises between the olé pased and modern current based theories of
magnetism lies in the fact that pole theory minties true theory so well, while its apparently geeat
simplicity is both intriguing and appealing. Theree many situations in which relationships that are
formally correct within the new theory are at fissjht more consistent with the oklg.for the B-H
loop we haveB = B(H) and for the energy density differential we hade & HI[dB. Perhaps this has
helped the old picture to linger on, but equallgrthhas not been sufficient effort to abolish deast
update old definitions and terminology, and insenof the casual use HfandB out of their proper
contexts are plentiful. Although the SI systemegmesented in IEC 60050 provides an effective basis
for the modern view, there is still room for objectto some of the nhames, but more problematically
in some important definitions there is a lack ofrhany between it and the derivative standards IEEE
Std270 and I1SO 31-5.

This paper has scratched the surface of the astadevelopment of the subject, and then only & th
extent that has been necessary to explain wheranome stand with regard to some outmoded
conventions and ideas that have lingered on. Whédse may have a historical place, they no longer
fit in with the logical development of the subjelttwould seem to be very worthwhile if someone
were to take up the challenge of producing a cendefinitive and up-to date chronology of the
historical development, pinning down all the costenes in terms of the key observations and
theoretical formulation along the way - that iss&y, not just the way things are now, but the hodr a
the why. If it were widely accessible it would dauah to assist the teaching of the subject, and no

doubt all of the information is available, it simpleeds to be gathered, distilled and reassembled.

To the same end, those of us who study the sulgieetho produce works based on it, should consider
avoiding those traditional approaches that areongdr in its best interests. In fact, simple avoaa
may not be enough, pointing out the pitfalls mayelo@ally appropriate. Perhaps it will be also be
necessary to find novel ways of introducing stugldntthe fundamentals in order to avoid making
things too complex or mathematically demanding, imutertheless it would be of benefit if all those
who have found this paper to have been of intestestild try to set an example by adhering only & th

modern concepts and letting the old ones passistory.

The current age of advanced computer technologysapthisticated problem-solving packages for
electromagnetics bestows mixed blessings. On the l@and it may well bring the risk that the

software will be used blindly without real understang of the fundamentals, but on the other hand it
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does bring more freedom from the difficult and pfteighly complex technical aspects of solving
electromagnetic problems. This should allow moneetin which to study and understand the very
basics of the subject, which, as we have seen haseseveral aspects that can appear to be cayptic
can often be perplexing. Even if special relativitypeyond the reach of students in the early stage

within  certain  disciplines, introducing a modifiedCoulomb’s law in the form

F,= %% (f +Civ1><(v ZXf)j appropriate to moving charges is only a little endifficult than

ATE,r? 2
the usual static form where the possibility of #tearges actually being in motion is overlooked.
Students would then be given the idea that magndatssomething related to Coulomb’s law rather
than something altogether apart from it. Ampereisé law, of course, follows directly and not as a
separate entity, and the electromagnetic fieldgsdB drop out as a consequence, as does the Lorentz
force. Having thus defineld andB, there can be no doubt or ambiguity as to theldieésponsible for

electromagnetic force, and in particular thiatlike D, is involved in only an auxiliary role.

It is to be hoped that we have been able to satisfyreader with reasoned answers and comment on
the numerous and often troublesome issues raisedrimtroduction. A sounder footing on the basics
of the subject will help to promote understandinghile some encouragement with regard to
terminology and usage will help to promote good ramication and to minimize confusion. It is
further to be hoped that the problem issues thahae discussed will begin to disappear sooner

rather than later.
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9 Appendix 1:

The Essential Electromagnetic Equations

As far as essential equations are concernedaitiays possible to put together a variety of edeivia
forms. The equations summarized below in Tabledvide at least a basis. They are numbered as in

the main text and have been selected based on -
» Maxwell's Equations, in microscopic and macroscdprm.

 Definition of all the required microscopic souteems.
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» Definition of D andH as convenient auxiliary fields.

» Constitutive relations and definition @&ndp where linear relationships apply.

+ The Lorentz force. 60

« Definition of an infinitesimal magnetic dipole ment in terms of a circulating current.
e Coulomb’s law, as extended to moving point charge

» Symbols are have their conventional meaningef@sred to in this article. Other well-known forms

of many equations may be reconstituted, Coulomb’s law, Ampere’s laws, Biot and Savart\w.la

Table 5. The essential Electromagnetic equationsgs Section 9).

Equation Comment Text Reference
O [EOE = ptotal
dm=0
oB . . .
OxE +E =0 Microscopic form of Maxwell’'s Equations (23)
B 0d¢E
Ox—-—2—= total
M, Ot
In free space we have:
Iototal = pfree + pcond + pbound p(otal = ,Qree
Iobound =0 Peond = LPoound = 0
J =J...+J +J
total free bound mag Jtotal - Jfree (2 4)
_ 0P
J bound ~ E Jouna= 0
‘Jmag:DxM ‘]magzo
(except for isolated magnetic dipoles)
D=¢&E+P D=¢lE Constitutive Relations
_ B ~ 6), (8
—F_M H=p"[B (general and linear cases) ©). (8)
[0}
OB =0
0B _
UxE +E =0 Standard Form of Maxwell's Equations
— (33)
0D = Prree (Macroscopic)
oD
UxH _E =J free
F =q(E +vxB) Lorentz Force 3)
R Magnetic Moment of Infinitesimal Current
m = IndA (16)
Loop
F12 = q1q22 (Fgl +i2V1 X (V2 X f:2;|_)j Modified Coulomb’s Law (13)
ArE 15 C
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10 Appendix 2:

Examples

10.1 Magnetic Spin Resonance

Magnetic spin resonance in ferrites conforms temislassical description [14, pp. 152-155]. It is
commonly employed as the basis of non-reciprocatromiave devices such as isolators and

circulators [71].

Depending on the preference of the author of thpeggers and textbooks which discuss the effect
[14, p. 155 and pp. 167-171; 72; 71, p.10; 39 436-460], the torque on a magnetic dipolés taken

variously as either

I =mxB (40a)
or
r=mxH (40b)

Note that when we see the form involvidgthis generally implies that emu or Gaussian Usuies

being employed, for in Sl units it would even bmeénsionally incorrect without the constagt

Often the use of Equation (40) is simply impliedhe ‘equations of motion’ for the magnetization

d_M = xB

dt (41a)
or

‘2—'\:' = M xH, (41b)

whereyis the gyromagnetic ratio. If we assert that aste@ne of these equations is incorrect, then

should there not have been some wrong results@riaddly this is not the case for we can go between

the equations as follows: 61
SI emu
I'=mxB I=mxB
=mxu,(H+M) =mx(H +47M)
= T =MxH+mxuM = T =mxH+mx47M (42)
dm dm
=— = x u H =>— = xH
at W x 1, at w

That is to say, while the torque on individual dgsodepends 0B rather tharH, as an ensemble the
average torquE , can be equally said to dependHbrsince the average dipole moment, is parallel
to M with the result that the terim xM vanishes. Consequently, it does not matter whetditlieerB
or H (in SI, 1H) is used in Equations (40) as a starting pointtfer elementary theory of spin
resonance, the result is the same. What we carmeasgver, is that substitutingH for B would be an

easy mistake to make as it would give a complezalgneous answer by a factor@fs' The reason
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for this is that ifB andH were completely parallel, then the effect woulahigh altogether sincil
andH would also be parallel so yielding a vanishingssrproduct in Equations (42). This example
very clear illustrates why the terr®s H andH should not be used casually for convenience, they

must be treated knowledgeably.

Taking ' = [,)mxH for of the force on a magnetic dipole is incormecprinciple, since if it is ever
correct this is only within a restricted contex,ia the example above. In much of the work in ESR,
where the Gaussian system is commonplékeis regularly used to refer to the applied fieldda
often simply referred to d4. The approach of Kittel, who carried out muchh# early work on ESR

in ferrites, is fairly typical [69; 14, p. 155 adé7-171]. One of his well known results, applicaioe
sample with a plane surface, is that the resonéecgiency is given byw= KBH)“ This result,
however, is only a special case of a general faarthat includes the dependency of the internad fiel
on the shape of the sample. It should not be inteed as implying yet another possible form of
Equations (40).

10.2 The Hall Effect in a Magnetic Conductor

The Hall effect in a magnetic conductor would beeted to depend primarily d rather tharH.
Historically, however, the Hall coefficient is dedid in terms oE/JH, whereE is the induced electric
field relative to a current densidyin the transverse field [14, pp. 241-242]. Again, the old legacy is
evident in thatH appears in the literature rather tHarMost of the available data on the Hall Effect
applies to non-magnetic metals and semiconductdrsrevthe difference betwedh and toH is
insignificant. Within magnetic conductors, howewe so-called spontaneous or extraordinary Hall
effect cannot be treated semi-classically [73, Td].such conductors there are two distinct Hall

coefficients and the Hall field is described by
Ey =R,H+RM (43)

In principle, the right hand side of this equatgimould correspond to the magnitude of the magnetic
part of the Lorentz force. Indeed, the tefRgH does correspond to the Lorentz force and is
consequently termed the ordinary Hall effect, whitkdominates aboVE,, the Curie temperature,
above which the possibility of permanent magnetipateases. On the other haidM corresponds

to the so-called extraordinary effect that predateés belowr.

Now here the appearance ldfrather tharB in Equation (43) is rather troublesome. One is tef
question whether the use dfrefers to the applied external field, or whetheshiould mean the field
within the sample. Moreover, one could ask whetherterm inM accounts for this, so that it really

means
Ey =R, (H+M)-R,M +RM
=R,B+(R —R,)M

In nonmagnetic materials this is of almost no cquneace and the habit has been to HseOne

(44)

reference [75], however, does quote the equatipthéoHall field in the unambiguous form
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E, =R,B+RM (45)

statingB to be “the magnetic induction in the material”,igfhputs it beyond all doubt. Now, it turns
out that the extraordinary term, which dependdvbalone, normally tends to be dominant and does
not actually arise from the Lorentz force but freoattering due to spin-orbit coupling. Nevertheless
Ry, has been measured in Iron, Cobalt and Nickel, beh dere the results do not help, as its sign is
positive for iron while it is negative for the othievo. In short, the effect is sufficiently complex in
magnetic materials that it cannot be taken as-detevidence for the true nature of the Lorentzdo
without additional detailed information about thehavior of the conducting charges. This asides it i
another situation where we often encounter refea®mneH rather tharB in the literature without due

explanation.
10.3 The Force on a Current-carrying Magnetic Condu  ctor

The force on a current-carrying magnetic conductiothe presence of a uniform magnetic field is
analyzed by Stratton [9, pp. 258-262] who assumegliadrical wire of permeabilitys carrying a
currentl with the wire running parallel ta and embedded in a medium of permeabilitywithin
which the applied field, is uniform and directed along After a complicated analysis, Stratton’s
result is simply
F, =uH, I

e (46)

Taken at face value, this means that the forcenerwire is dependent on the external fiBjcalone
and not, as we might initially expect, on the fi@g experienced by the current carriers within the
wire. But the reason for this is simply that anyndgnetization field within the wire only causes

forces between the free current carried by the aitd the induced distribution of magnetization 62

current running around the surface of the wire.sBh#orces are purely internal and so contribute
nothing to the force between the wire itself anel éikternal field. If, however, the medium suppatin
the wire were a magnetic fluid, then Stratton’atesnplies that the correct value of the forcel i

by Byl rather thanu,Hql. Since the ratio of these termsgigi,, a greater force is measured in a

magnetic medium and the so correct form of the hizréorce can be confirmed experimentally.
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NOTE

As result of a problem with the transcription of references from the original manuscript,
the following correction for the published article was printed on page 65 of the August
issue of IEEE APS Magazine, Volume 50, No 4, 2008.

Please note these corrections do not affect this version at http://www.JohnWArthur.com.

Correction

The following changes should be made to the article by John W. Arthur, “The Fundamentals of Electromagnetic
Theory Revisited,” IEEE Antennas and Propagation Magazine, 50, 1, February 2008, pp. 19-65. In the case of cita-
tions, the corrected citation is shown.

Location Change
p. 19, Author’s affiliation Include “University of Edinburgh”
§1.1, p. 20, 93, €15 [9; pp. 241-242; 10, vol. 1, pp. 179-181]
§1.2,p.21,93, 04 [14, pp. 89-95; 15 pp. 84-87 and 100-104; 16, pp. 150-158)
§2.1,p.23,91, €8 [23, pp. 262-263; 24, p4.11; 14, pp. 155 and 241; 25, p. 503; 26-30; 31, p. 9.3]
§2.12.5,p. 29, 92, €8 [39, p.18 and p. 27; 22, p. 153; 45, p. 276)
§2.5,p. 23, 11, 65 [10, vol. 2, p. 27]
§2.9.4,p. 26, 93, €6 [3, vol. 2, p. 275]
§3.1.1,p.33, 92, €3 [23; 48; 49, p. 14;1, vol. 1, p. 422]
§3.1.1, p. 34, 11, 11 [3, vol. 2, p. 240).
§4, p. 40, 91, €9 (10, vol. 2, pp. 1-23],
§5,p. 48, 12, €3 (22, pp. 380-382; 9, pp. 78-80; 47, pp. 486-495; 56].
§6.6,p.54, §1,€6and € 15 [33, [EV 121-11-19]
§6.6, p. 54, 11, €8 (33, [EV 121-11-69]
§6.6, p. 54, 11, £14 & 94, £5 [33, [EV 121-11-56]
§6.6, p. 54, 93, €7 (7, p. 453]
§6.6, p. 54, 93, £7 and Y4, €10 [33, [EV 121-11-40]
§6.8, p. 55, 91, €3 [67; 45, pp. 70 and 241),
§6.8, p. 56, 93, €9 [23, p. 230; 3, vol. 2, pp. 197-198 and 271-276).
§6.13, p. 59, Figure 12, €7 B,,, should read B,
§10.3, p. 62, 11, “Equation (45)" Replace with “Equation (46)”
p- 63, references 54 and 73 Remove 34
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